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Composite Hierarchical Anti-disturbance Fuzzy
Control for Nonlinear Interconnected Systems Via
Disturbance Observer
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Abstract—This paper is devoted to the composite hierarchical
anti-disturbance fuzzy control for nonlinear interconnected
systems (NISs) subject to multiple disturbances, including a
norm-bounded disturbance and an unknown disturbance gen-
erated by an exogenous system. 7{., control and the composite
disturbance-observer-based control consisting of a feedforward
compensation term and a state-feedback sampled-data control
are employed to attenuate and compensate these two types of
disturbances in the T-S fuzzy framework, respectively. To start
with, NISs, exogenous disturbance, disturbance observer, and
composite controller are all modeled using T-S fuzzy model
technology. By building a time-dependent function, a sufficient
condition is then established to ensure the exponential stability
of the estimation error system and closed-loop NISs with a
prescribed H.. performance level. Following this, the joint
design of the desired observer and composite disturbance-
observer-based fuzzy controller is developed. Finally, a numer-
ical simulation is performed to demonstrate the effectiveness of
the presented composite hierarchical control scheme.

Index Terms—Interconnected system, T-S fuzzy system, Dis-
turbance observer, Composite controller

I. INTRODUCTION

OWADAYS, nonlinear systems have received sustained
attention in the control field resulting from their out-
standing ability to model actual systems [1]. Nonlinear
interconnected systems (NISs) are a typical type of nonlinear
systems composed of multiple interacting subsystems [2]
and have potential applications in various branches of en-
gineering fields, including but not limited to communication
systems, power systems, aerospace systems, and robotic arm
systems [3, 4]. Due to the effects of nonlinear interconnec-
tion among subsystems, the traditional linear system theory
cannot be directly applied to NISs. In this case, the T-S fuzzy
model is one of the most efficient techniques because it can
provide a localized linear representation of nonlinear systems
through fuzzy sets and IF-THEN fuzzy rules [5-8].
To date, numerous papers and applications have witnessed
the fusion of T-S fuzzy model technology and diverse NISs
[9-11]. For example, a decentralized adaptive T-S fuzzy
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controller was designed for a type of state-constrained NISs
based on a nonlinear state-dependent barrier function in [10].
And the T-S fuzzy model technology was used to stochastic
NISs with nontriangular structural dynamic uncertainties in
[11].

In real life, disturbances are widely present in various con-
trol systems, which have a significant impact on the stability
and performance of the control system [12]. As exogenous
disturbances are often unmeasurable, many control tech-
niques have been developed to reduce the adverse effects of
exogenous disturbance [13—16]. Disturbance observer (DO)
has become one of the most popular methods for dealing
with exogenous disturbance because of their simplicity and
effectiveness in estimating the equivalent disturbance and
compensating it back into the system [17-19]. In [20], a
terminal sliding mode control approach based on DO was
employed to stabilize and control a fractional-order arch
micromotor system. In [21], a robust active controller and
DO were used to improve the comfort of the car driver. In
[22, 23], when studying T-S fuzzy nonlinear systems, for
the convenience of research, they also chose to perform T-S
fuzzification on the DO.

In recent years, sampled-data systems have garnered sig-
nificant attention because they can more accurately de-
scribe the basic characteristics of actual engineering than
continuous- or discrete-time systems [24]. Since sampled-
data control only requires the system’s state information
at sampling instances, it can greatly reduce the amount
of information transmitted, greatly improving the control
efficiency of the system [25, 26]. Sampled-data control
has been widely used in various systems of research. In
[27], a sampled-data fuzzy controller incorporating both
current and delayed state information was used in a T-S
fuzzy system with a time lag to study the sampled-data
stabilization problem. In [28], a dissipative analysis and
quantized sampled-data control were designed to study T-
S fuzzy network control systems under random network
attacks, and the effectiveness of the proposed method was
verified by experiments. Recently, sampled-data control has
also been shown to be an effective method for designing DO.
In [29], a sampled-data adaptive output feedback controller
was used to deal with nonlinear systems with unmeasurable
states, uncertain dynamics, and unknown time-varying ex-
ogenous disturbances. The unknown time-varying exogenous
disturbances were estimated by designing DO. A discrete-
time DO was developed in [30] to ensure robust stability in
uncertain sampled-data control systems.

In summary, this paper studies the design of composite
hierarchical anti-disturbance fuzzy controller for NISs with
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multiple disturbances based on DO. The overall structure
of this paper is as follows: Section II uses T-S fuzzy
model technology to describe NISs, exogenous disturbance,
DO, and composite controller, respectively. Constructing
the estimation error system and closed-loop NISs. Section
IIT proposes a composite controller design. The design is
implemented in the form of linear matrix inequalities to
ensure that the estimation error system and closed-loop NISs
are exponentially stable (ES) under zero disturbances and
have an H, performance level under zero initial conditions.
Section IV gives a simulation example to verify the effec-
tiveness of the proposed method. Section V summarizes the

paper.

II. PRELIMINARIES

Unless explicitly indicated, the notations used throughout
are the same as those provided in Refs. [31, 32].

Consider a NIS with J subsystems modeled using T-S
fuzzy modeling technology. The [ IF-THEN rules of the j
subsystem are described as follows:

3§. S IF zji(t)is Fé»l and ... and zjy(t) is Fép,

(1) =Aja; (1) + Bj(u; () + d; (1)) + C5¢;(2)

J
S D), (M

n=1,n#j

where z;(t) € R% is the state vector of the jth subsystem,
u;(t) € RY is the control input of the jth subsystem,
dj(t) € R% is the unknown disturbance generated by the
exogenous system of the jth subsystem, (;(t) € R™ is
the norm-bounded external disturbance vector of the jth
subsystem, and Dﬁlj € R%*% is the interconnection term
between the jth subsystem and the nth subsystem of the
interconnected system. Al e R¥ X4, Bl € R%*% and
Cl € R% are all known parameters of the system.

Usmg single-point fuzzification, product reasoning, and
average weighted defuzzification methods to system (1), the
model of the jth fuzzy subsystem is obtained as follows:

Zgj (v, (t

DA, () + Bj(u; (t) + ds (1))

+Clg(t) Z Dyjn 2
n=1,n#j
where
Hl ;
g0 (1) = Z“gi”m
o=1"j
9l (v;(t H vjq

in which Ij, (vjq(t)) : Wy,, € R = Rygy) is the mem-
bership functlon of v;q(t) on the set W ;o and we can get
the following properties of g}(v;(t)) : g (v;(t)) € [0,1] and
S g; L(vj(t)) = 1. Assume the disturbance is produced by

an exogenous system:

= F;¢;(1),

{ & (1) 3)
dj(t) = E;€;(t).

"

_

d,@) = x.(z,
0
Uu . A

O of
o, (1) = -
d,.. (= T
xj+1 (tk )

4-( )
Uy 1)~

Djn (t)» djﬂ (t1
=

N

Composite control structure diagram of NISs.

-

Fig. 1.

Using the same T-S fuzzy modeling and processing method
as (1) and (2) to (3), we can get the fuzzy perturbation
exogenous system

35 IF zjl( ) is %y and ...

Zgj (v; (t
Zgj v; (¢

where F} € R%*% and E} € R%*% are known parameters.
To estimate the unknown disturbance d;(t), a T-S fuzzy DO
is designed as follows:

and z;,(t) is ng,

))Fjé;(t),
4)
) EjE;(8),

3L IF zﬂ( ) is Iy and ...

Zga v; (t

+ Lg(Ag.xj( ) + Bluy(t)

J
Y Dijwa(t)}

n=1,n#j (5)

Zg] v;(t (1) — ij()}

Zg] (v, (t

Based on the sampling mechanism, h > hy = tg+1 — g,
ti > 0 is the sampling interval, k € Z>(. Then the fuzzy
controller can be designed as

and zjp(t) is T,

DAFIE;(t) + LY BLELE (1)

) ESE;(t).

37+ IF zj(t) is T'fy and ... and zjp(t) is T,
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=S e 1)) (s (1) — (1)), ©)

o=1

where x; (5 ) represents the system state of the jth subsystem
at sampling time .

Remark 1. In (1), we choose to use the interconnection
term in the form of Eizl’n# D}, (t). It expresses the
interconnection relationship between different subsystems
through a certain parameter DnJ, and applies the state x.,(t)
of other subsystems to the target subsystem directly. This
form not only intuitively reflects the interaction between
subsystems but also can adapt to different NIS by adjusting
the structure of the parameter Dflj

Remark 2. In this paper, the NIS (2), exogenous system
4), DO (5), and controller (6) are all modeled using T-S
fuzzy modeling. The main purpose of this treatment is to
ensure that the exogenous disturbance-related parts share a
unified modeling framework with the NIS to maintain overall
consistency. This unified modeling method can significantly
simplify the analysis process of the system, especially based
on linear matrix inequality (LMI), making the design steps
more systematic and efficient.

Now, the disturbance estimation error is defined as follows:
ej(t) = &(t) — &(t). (7)
According to (2), (4), and (5), we can get
é(t) :g'j( ) — &;(t)

7293 Uj
_Zgj UJ

SICi). ®)

To enhance readability, we provide a concise description
of the following form:

DF}E; (1) — (Z;(t) — Lya; (1)}

J{(F} + L BLE) )e;(t)

= giw;(t)7]
=1

According to the (2) and (6), the closed-loop NIS is as
follows:

=3 vy (1)
=1

+ BY(K$a;(tr) —

S 25 (1) { A (1)
o=1
d;1))

+ Bld;(t) + CL¢;(t)

z:D
n=T,n#j
=AL(t)a;(t) + By (1) K S (tr)a;(tr)

+Bl-( VE5(t)e; (t) + Ch() (1)

D

n=1,n#j

Define the reference output as follows:

Z;(t) = Gi;(t)z;(t) + Ga;(t)e; (¢).

t)an(t). €))

(10)

Lemma 1. [33] When there are matrices X and ) of any
suitable dimensions, the following relationship is satisfied:

207y <o tXTX + 0T,
where ¢ is a positive scalar.

Lemma 2. The following statements are true:

1) [34](Continuous Jensen Inequality) For any positive
definite matrix N € R™*™, scalars a and b, vector
function € : [a,b] — R", the following inequality holds:

b
XTNX < (b—a)/ el (o)Ne(o) do

where X = f o)do.

2) [35] (Discrete Jensen inequality): For any positive ma-
trix ' € R NT = N > 0, two positive integers a
and b satisfy b > a > 1, then the following inequality
holds:

b T b b
(Z X(t)) N <Z X(t)) <dY XTMNX(),

where d = b —a + 1.
Lemma 3. [36] For a given matrix
z- 20 2]
the following three conditions are equivalent:
1) Z <0;
2) 211 <0, 220 — 201277 212 < 0;
3) 292 < 0,211 — 212255 291 < 0.

To enable further analysis, it is necessary to propose the
following definition.

Definition 1. [37]The estimation error system (7) and closed-
loop NIS (9) are said to be ES with a prescribed Hoo
performance level ~, if

1) Estimation error system (7) and closed-loop NIS (9) are
ES when (;(t) =0

2) Under the zero initial condition, the following inequality
is satisfied:

J e 7o
;/0 z; (8)z(s)ds < v ;/0 G (s)¢j(s) ds

IT1I. MAIN RESULTS

Now construct a Lyapunov function:

J
V()= V) (11
j=1
where 5
Vij(t) = o] (t) Py (t) + €] (t) Paje; (1),

%Nﬁﬁﬂrﬂ/JM” T(5) Paji;(5) ds,

‘@m=mﬂ—m§wm%m,
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with P; > 0 with ¢ € £3, A;(t) = col{x;(t),x;(tx)}. and

H, = [ He{*%}

Since 0 < hy, < h, it follows that by, = 9h,0 < ¢ < 1. Thus

—X; +Y;
He{=Y; + 5}

t—ty Py 0

are | 0] aw

t —1
ML AT (w0 (1)

Vij(8) + Vaj(t) =

where

_ | PuythHe{G}Y (=X +Y))

; ,
J * hHe{-Y; + i}

> 0. (12)

For t € [ty,tr11), from the above analysis and inequality
(12), we can know that Vi;(t) + V3;(t) is positive definite.
According to P; > 0, we can determine that V5;(t) is
positive definite. Therefore, we can conclude that V;(t) =

S22 V() is positive definite.
Hence,

Vi(t) = Vij(t) + Va; (2).
Let

= AT ()% A5(t) + e () Poje;(t).

J

Vi;(t) + Va;(t)
Then, there exists
= 2 2
Vi (t) + Vaj(t) = Amin (¥5) |85 (017 + Amin{ Poj } €5 (8],
and there scalars positive scalar

€05 — Amin{PQj}7

€5 = Amm(gjj) = min {Amin(Plj)a )\’ﬂli'rl(!pj)} .

Therefore,
Vi(t) = Vi (t) + Vas(t)
> € |0 (1) + €oj le; (1)
= i (Ie3 (O + le(t)?) + cos les (DI
such that

Vi(t) = e le; (1) (13)

A. Stability and H, Performance Analysis

In this section, we use the Lyapunov function to conduct
H stability analysis on the estimation error system (7)
and closed-loop NIS (9) and derive the conditions under
which the estimation error system (7) and closed-loop NIS
(9) achieve ES under the H ., performance index 7.

Theorem 1. For given scalars § > 0, v > 0, if there exist
scalar 0 > 0, and matrices P;; > 0 with ¢ € /3, X;, Y},
Myj, Maj, Tj, Rij, Raj, K5, Lé such that the following
inequalities and (12) hold, then the estimation error system

(7) and closed-loop NISs (9) are ES with H ., performance

index ~:
- l -
Qlllj @l12j @l13] 9116)1] 9l16j
lo * Oa2; @23j 9261] 9l26j
Vi=| x o« O 0 6 | <0, (14
* * @44j 0
L * * * @66]‘ h
_ _ - _
Qluj lej 913‘7‘ ?}i] 9l16j
lo * Oa2; @l23j inj @l26j
o= «  « Ol 0 Ol | <0, (5
* * Bu; 0
L * * * CE
l
e —
l
61113 91123‘ @iIBj @llij 615j 8;16j
* @22]‘ 9[23j (“)251]- @25j 9126]
* k @33j 0 0 936j < 07
* * * @44j @45j 0
* * * * 655j 0
* * * * * @(l%j
(16)
where
! X; T 4l
J
+2071(J—1) > (DL)"DL,
n=1,n#j
+ JR%}RU + (Gllj)TGllj
6y, =Py — Mo; — RY, + (R, ALT,
@l13j = RngBéEé + (Gllj)TGlzja
01}y =X, —Yj + M{; - Tj + R} B{ K,
@15j :hMlj;,@llfS] = R{;Oj,
QQQJ = — H@{jo} + O'R%;jo,
l _ pT pl l o T T pl
@23] 7R2ijEj,92ij = MQJ- +R2ijKf,
@25]' :hMg;,@lQGJ =5 R%;le,
Oy, = He{ Py Fj + Py L BSES} + 26 Py,
+(Gy) TGy,
X.
@éf)'j :ngL§C;,@44j = He{i/] - 7] + Tj},
Ous; =hT) ,Os5; = —he " Py Oge; = —*1,
~ 1
Ol,; =He{(hd — ) X; = My + RT; ALY
J
+2071(J—1) > (DL)'DL,
n=1,n#j
+ oR{; Ry + (GY)TGY, + 20 Py,
_ X
@l12j = Plj - ng - R’{] + (R;Aé)’r + hHe{TJ},
615, = (1 - 2h8)(X; - Yj) + M{} — Ty + RI; B} K,
Onj = — He{R3;} + 0 Ry, Roj + hPs,
64, = M3, + RLBIK? + h(—X; +Y),

_ X
Ouaj = He{(1 — 2h6)(Y; — ?]) + 15}
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Proof: Calculating V,.;(t), (r = 1,2,3), we can get
Vij(t) =227 (t)Prja;(t) + 2eT () Py L () CL(E) G (t)

+2eT (8)(Po; (FL(t) + L (8) B () EL(1)))e; (8),
17)

t
Vas(t) == [ X003 (5) Py (5)ds

tr
+ (tigr — )] (8) Pajij (1) — 2(8 + 2n) Vo (8),
(18)

Vigt) = [T (O Hel 5} (0) + 2 (0)(~X; + Vi) (1)
+a] (tr) (= X] + Y )a;(t) + o] (te) He{-Y;
+ 5030, 00] + 20ts - 0)[o7 () (- XT

X
o] () He{ L Y (t)} :

I
=i /tk &j(s)ds.

By using the continuous Jensen inequality of Lemma 2, the
(18) can be transformed into

+ Y )i (t) + (19)

Let

J;i(t) (20)

Vaj(t) < —e Mt — 1) T} (1) P3; T (t)
+ (thyr — ) (8) Py (1) — 20Va5(t). (1)
Calculating 20V;;(t), (r =1,2,3), we can get
25‘/” (t) = 2(5$jT(t)P1J£IJ] (t) + 256?(15)132]6] (t), (22)

26V (t) = 20(tysr — 1)

t
></ 62(5+2")(S_t)j:?(8)P3jabj(s)ds, (23)

tr

26V3;(t) =20(tps1 — t) [xf(t)He{%}xj(t)
+aj () (=X + Y )a;(t)

+ ) ()(=X; + Yy)a;(te)
+1’ (tk)He{ Y + j}:r,j(tk)]

In addition, for matrices My, My, T}, Ryj, Ra; of a certain
dimension, the following equations hold:

(24)

0_22 M + &7 ()M + xT (te) T [—a5(t)
+zi(te) + (= tr)J;(1)], (25)
0= 226[::: (ORT; + &7 ()R [—d;(t) + AL (t)x;(t)
a + B(t)K§ (tr)z;(tr) + BL(t)EL(t)e;(t)
+ ()G (1) + 122 D) 26)

The expression (26) can be evaluated as follows:

0 QZ{

x () R{; B (8) K7 (t)w; (t)

wj () RY; B () Ej(t)e; (1) + o] (R C(1)¢ (1)

()R1;a;(t) + ] () R{;Aj(8)a;(t)

1545

J
+al (ORY; D Dh(t)xa(t) — & (t) Ry (t)
n=1,n#j
+ &7 () REAL(t)a;(t) + &) ()R, BL(t) ES(t)e;(t)
]T(t)R%;Bé(f)Kg(tk)%(tk) + i (t )RszCgl( )G (1)
J
T(t)RY, ,12; D, } 27)

According to Lemma 1 and Lemma 2, the expression

J J
2> 2l (MR]; Y Dhi(t)aa(t)
=1 n=1n#j

can be transformed as follows:

J J
2ijT(t)R1T > Dhi(t)wn(t)

n=1,n#j

By applying the same processing method and steps, we can
obtain

J J
2> @l (t)R3; > Dhi(t)wn(t)

n=1,n#j

oi] (t)Ry; Roji;(t)

Doy

n=1,n#j

()7 DS (8)z4(t)).
After the above processing, (27) can be converted to

J
0 <7 [2(=a] ()R (0) + T (OO RT, AL (1) 1)
j=1

+a (6 RY; By (6 K (te)z; ()

+a ()R] By(1) Ej(t)e; (t) + o (R CH (1) (1)
— @ (t) Ra;i; (1) + i () Ry; A5 (1) (1)

+ @5 (t) Ra; By (1) K (t) 5 ()

+ 5 (t)Ra; By (1) Bj (t)e; (1) + &7 (8) Ra; CH ()¢ (1)
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+ 0 (Ryja;(t)" Ryjz;(t) + o ( Ry (1)

+207 (= 1) > 2l ()DL, ()DL, (1) (t)|.

According to (10), (17), (19) - (25), and (28), we can get

J

n=1,n#j

V() +26V(t) + ZT () Z(t) — ¢ ()¢ (t)

(V3 () +28V5(t) + Z] (1) Z;(t) — 47 (£)¢;(2))

J
< YL 00t 6) 1, ()

t— 1t
+ Tk%Tj(t)%j[hk](t’ tr) 25 (t)

J
= Z((l — 19)¢1Tj(t)%j(t7tk)¢1j(t)

S

where

Wo;(t, t) = / 2

i (t,te) =

I
-

tey1 — 1
h

t—t
+ Tk¢2Tj(t)W2j[h] (t, tr)P2j

+

¢15(t) ={x;(t),2;(t),e;
$2;() :{:Tj t),d;

¢1Tj ()10 (t, tr) d1; (1)

®),

* :13]
[ Zo1:(t) EZar4(t,t
o (t ta) = Olj< ) 21%5% o
[ O11;(t) On2i(t)  Ous(t)
Eo1;(t) = * Oa2;  O;(t) |,
L * * O33;(t)
[ O14j(t,tr) Ou;(t)
Z02j(t, te) = | O2aj(t,ty) Oa;(t) |,
L 0 O30 (t)
= . = 944]’ 0
._403‘7 - * @66]' 5
[ ©115(t) O12;(t) Ons;(t)
En;(t) = * Oa2;  O;(t) |,
L * * O33;(t)

@14;‘ (t,tx) O1g4(t) ]

O26,(t)

O16;(t) ]
O30, (t)

gt te) = | Oaaj(t,tx) Oa;(t)
L 0 O36;(t)
=  _ [ @44]‘ 0
—13j — * @Gﬁj )
[ O145(t,ty)  Ons;
Zo1j(t, te) = | Oaaj(t,ty) Oasj
o 0
[ Ou1; Ou55 O
D ¥  BOs5 0
* * 966j

X
@uj(t) :He{—# — Mlj + R

DAL} + 2Py

(29)

J
+207 (T = 1) Y (DL,(1)" DL, ()
n=1,n#j
+ URERU + (Gllj)T(t)Gllj(t)a
O125(t) = Prj — Ma; — R{; + (R3; AS(1)7,

2547
O13;(t) = R; By()Ej(t) + (GY;)" (t)G5; (1),
Oraj(t, tr) = X; — Y + M{; — T; + R]; By (t) K% (i),
O155 = hM{;, O165(t) = R{;C5(1),

Os2j = — He{R3;} + 0 R} Ryj,
Oas;(t) = R3; B (t) ES (1),
Oasj(t,tr) = My, + R BY () K§(ty),
Oas; =hMjy;, O (t) = R3,CL(t),
Oss;(t) = He{ Po; (F}(t) + L} (t) Bj(t) Ej(t))}
+ 25P2j + (Glzj)T(t)Gle(t)»

Os65(t) = Po; L (1) C} (1),
X.
Ous; =HelY; — > + T;},

2

Ous; =T}, Os55 = —he > Py,

Osej = —7°1,
~ 1
@11j(t) :He{(h6 — §)XJ — M1j + R?]Aé(t)}

J
+207 (T =1) > (Dh,()" DL, ()
n=1,n#j

+ URlTlej + (Gllj)T(t)GlU(t) + 20 Py,
Ora;(t) = Prj — My; — RY; + (R3; Al (1)"

25475
Jthe{?},
O145(t, 1) = (1 — 208)(X; — Y;) + MlTy =T
+ R Bj(t) K§ (tr),
Ogoj = — He{Rg;-} + URQTjRQj + hPsj,

Oaaj(t, tr) = My; + R, B (1)KL () + h(—X; + ),

_ X
Ousj = He{(1 - 2h0)(Y; — 7]) + 15}

It is easy to see that LMIs (12), (14) - (16) can ensure that
V() +26V; () + Z] (1) Z;(t) = ¢ (£)¢G(t) < 0. (30)

Now, we consider the case when (;(¢) = 0. Under this
condition, we derive from inequality (30) that

V;(t) + 26V;(t) < 0. 31)

From (11) and (31), it follows that for any ¢ € [tk, tx+1)

V;(t) < eIV
< 6726(t7tk_1)vfj(tk_l)

< 6_2&‘/3(0).

Hence, it can be concluded from the above inequality and
(13) that

&5 (1)) < [ L=e,
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which means that the estimation error system (7) and closed-
loop NISs (9) are ES with a decay rate § under the situation
where (;(t) = 0.

Next, we will discuss the H ., performance of the estima-
tion error system (7) and closed-loop NISs (9). Based on the
inequality (30) and two proven parts, V;(t) > 0 and § > 0,
we can get the following conclusion:

Vi(t) + 27 (102;(1) = 7*¢ (¢ (1) <0. - (32)
For a given Q> 1, integrating (32) from 0 to to yields that
Viltg) — Viltg 1)+ Vilty ) =~

+/ ’ (Z] ()Z3(s) = 4*¢] (5)¢5(5)) ds < 0.
0

V;(0)

Since V(tg) 2 0,V;(0) = 0and Vj(ty ;) —Vj(tx-1) =0,
K =23, ...,Q, SO we can get
tA

/ " 279 Z;(s)ds <2 [ T (s)¢i(s) ds.

0 0
When tQ — 00, it follows that

/00 ZjT(s)Zj(s) ds < ~? /OO ng(s)Cj(S) ds.
0 0

Therefore, we have

J [eS) J )
T'(8)Z;(s 5\2 T(s)Ci(s S,
Z/ Zj<>Z]<>d<v;/o () (s)d

which means that the estimation error system (7) and closed-
loop NISs (9) have an H ., performance level ~. [ |

B. Controller Synthesis

Theorem 2. For given scalars § > 0, v > 0, w > 0, the
estimation error system (7) and closed-loop NIS (9) are ES
with an H ., performance index - if there exist scalar o > 0,
and matrices P; > 0 with ¢ € {3, X;, Y;, My;, Moy, T}
Ryj, Ryj, SJQ , le such that the following inequalities holds:

_— %, B B
i . hHe{-Y; + %}
(33)
r=le =i =]
lo —01; —025 —03j
L * * :O6j ]
r=le =i =l
o =115 =02 =035
L * * :()Gj i
r=le = =l =1
=015 =217 =025 *—03j
l * = =934 =244
LDQ_? _ 225 ;23] 244 < 0’ (36)
* * ':04j =055
L * * % =065
where
l l l lo
q)llj (1)12j (bng (bllélj
_ l Q
gle | * Py ‘1’123; o5 |
J
* * <I>33j 0
* * * Dyyj

(I)llﬁj (I)l7j
S
! (1)36j 0
| 0 0
[ Dift; 0000 ’
= DjQle 0 0 O
=035 = : SR ’
I B ,
DjJle 0 0 O (J—1)x4
= —’721 0
=045 — * —I |’
= [ 00 0 }
=055 = ,
’ 00 0 2x(J—1)
Hoej =
o o
di — I} _
Zag{ 2(J 1) ) y 2<J—1> }(J 1)x(J—1)>
& l
(I)lllj ?l12j q)lldj ?lli]
gle — £ Qyyy Dhy; Dy
115 * % (Pé,SJ AO )
| * * * q>44j
[ D155
= (I) ] = =
2915 = SSJ ) 2225 = q)55ja‘:‘23j — [ 0 0 ] ,
| Pusj
Eo4;=[0 0 ... 0 ]IX(J_W
_ _ _ X. _
le :lel,q)lllj = 2(5P1j + H@{—# — M]:z;
+ R{](Aé)T} +ol, (I)l12j = Plj - ng - le
+whi (AT,

‘I>l13j :Bé'E;' + RE(Gllj)TGlzja

o, =X; - Y; + M{, — T; + B.S?,

D155 = hM{;, ¥\, = Ch, @175 = RE;(GY,)7,

®oy; =w(—He{Ry;} + owl), ®hs; = wBLEL,

O =My, + wBLSY, @55 = My, B, = wC,

Dby = He{PyFl + V] BLEL} + 20Py; + (Gh;) " GY;,
Dy = VO, Payj = HelVj — % +T;},

By5; =hT}, @555 = —he > Py,

B, =207y + He((h — 5)X; — M + By (A1)

+ol,

21 5 v ) ST ( ANT Xj

®ly; = Pij — My — Ryj + wR{; (A" + hHe{7},
O =X, -V, + M, — T; + BLS? + 2h6(—X; + V),
<i>22j = —wHe{Ry;} + ow?l + hPs;,

O =My, + wBLS? + h(—X; +Y)),

. X, _ X

dy4; = He{V; — 7J + T} + 26hHe{-Y; + 7J}.
Therefore, the DO gain and controller gain are obtained by

L= PV, K¢ = SR, 37)
Proof: Denote

jo = lej,

Volume 33, Issue 4, April 2025, Pages 849-859



Engineering Letters

and block diagonal matrices

X, = diag{R1; Ri;},
Xo =diag{Ry; Ry; I Ry I},
Xb = diag{le R1j I le le I}~

According to Lemma 3, (34), (35), and (36) are respec-
tively equivalent to

- = l -
(I)lllj (I)llzj (I)ll?)j ‘blﬁg ‘I’llﬁg
1o * Doy ‘1’2233 ‘I’zij ‘I’%Gg
WOj = ES ES (1)33]- 0 @36_7 < 07 (38)
* * k @44]' O
L ES ES * * Cbﬁﬁj i
- o “ o1 -
(I)lllj ‘?llzj (I>l13j ?llij (I)llﬁj
510 * q>22j (;)l23] (P2€lj (Pl26_7
P By 00 D | <0, B9
* * k @44]' O
| * * * *  Dggy |
Lo [ae oz
g = | T2 | <, (40)
L —23j
where
r l
q)lllj (I)ZIZJ (I)ZLSJ (I)llij
sle * o Poyj q)lzgg Dy
21y % % @33] 0 ’
L * * * (I>44j
D55 @216]
2122' = (I)%J (Dz%j
J 0 D6
L (1345j 0
= | P55 O
=235 *  Dgg;
_ _ X _ _
1y =20Py; + He{—=F — My + Ri;(45)"} + ol
J — —
+ 20’71(‘] - 1) Z R ( jn) (Dén)le
n=1,n#j

_T (Gl )T(Gl )R1j7
qﬂm =26P; + He{(hd — f)X M{; + RT,(A)T}

J

+ 20 1] — Z R, (DL )T (D}, ) Ryj
=1n#j

+ R{;(Gy;)" (GY) Ry + ol

Pre-multiply and post-multiply (33) by X and X,, (38) and
(39) by XI and X,, (40) by X/ and Xj, respectively, and
together with the change of matrix variables defined by

R X le’PIJ — R1]P1]R1]7M1J = leMlley
sz = RlyszRlyaY RijY;Ri;, Ty = Ry TRy,
V= Pyt 8¢ = KOR .

33

We can obtain (12), (14), (15), and (16) in Theorem 1. Thus,
the proof is complete. ]

Fig. 2. State trajectories of subsystems x1(¢) and z2(¢) without disturbance
and controller.

IV. NUMERICAL SIMULATION

In this section, we provide an example to demonstrate the
effectiveness of the proposed composite controller. Consider
the NIS (2) with the following parameter values:

0=

+Cl¢(t)

t){Aj; (1) + Bj(

ZD

n=1,n#j

where xj(t) = COZ{ZCJ'I (t)7xj2 (t)} 'i‘j1 (t) = Tj, (t) UJ (t) =
(@5, ()% gj (v (1)) = L=v;(t), g5 (v; (1) = 1 = g; (v; (1)),

u;(t) +d;(t))

7,1,0 € £y, and
=[5 5 a=[5 5]
Aé—[_ié% —36.75]"43 {_3.575 —4155}
Bi =Bi = By = BQ_{OB gié]
ci=ct=ci=ci=|,].
oh= [ g on= [ 01
TR R
F11:F1 F2 F22: [85 065],

C(t) =97 %1% 5in(0.3t), (o (t) = 157" cos(0.5t).

In addition to the above parameters,

= Gllj =Gl

j IZ><2~

In numerical simulation, we assume w = 0.15, h = 0.1,
0 = 0.3, v = 2. By solving (12) and (34), (35) and (36) in
Theorem 2, the following controller gain and DO gain can
be obtained

Kl _ | —3:2065 —4.1855
17| 25877 —7.0272
K2 _ | —30342 —3.9412
17 —2.3111 —6.8979
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0.8

_‘dl ()
- -di(t)
——eq(t)

15 20 25 30 35 40 45

Fig. 3. State trajectories of the exogenous disturbance subsystem di(t),
the DO subsystem d (t), and the disturbance estimation error subsystem

e1(t).

;dz(t)
- -da(t)
—es(t)

15 20 25 30 35 40 45

Fig. 4. State trajectories of the exogenous disturbance subsystem da ),
the DO subsystem da(t), and the disturbance estimation error subsystem
€o (t)

Fig. 5. Without the disturbance observer, the controller controls the state
trajectory of the subsystems z1(t) and z2(¢).

. —‘Il(t)
ozr - —z(t)]]

Fig. 6. State trajectories of subsystems x1(¢t) and z2(t) after adding the
controller.

L _ | —3.8582 24496

27 01524  —10.6619 |’
K2 [ —3.8582 —2.4496

27 01524 —10.6619 |’
I [ —1.3588 2.5824 |

17 11943 —5.0900 |’
12— [ —1.1716  2.6936 |

17 11094 —5.4012 |’
71 [ 13723 2.5838 ]

27 1.2269 —5.1299 |’
12— [ —1.1581 2.7203 ]

27| 11209 —5.4423 |

0.064

0.062 -

0.058
0.056

S:./ 0.054
0.052
0.05

0.048

0.046 +

0.044 : : : 3

Fig. 7. The trajectory of H(t).

80

Fig. 2 illustrates the subsystem state of the NIS in the
absence of disturbances and a controller. As shown, the
system state fails to achieve stabilization in the absence
of a controller. Figs. 3 and 4 depict the behavior of the
estimation error e;(t), which gradually converges to zero.
This indicates that the estimated disturbance value becomes
asymptotically close to the actual disturbance. Figs. 3 and
4 reflect the effectiveness of the DO. Fig. 5 illustrates the
state trajectories of the subsystems x1(¢) and x5(t), under
the influence of a controller without an integrated disturbance
observer. Compared to the state trajectory shown in Fig. 2,
the unstable state of the subsystem in Fig. 5 is significantly

mitigated. However, disturbance observer, the states x1(t)
and xo(t) continue to oscillate around zero. By comparing
the states of the exogenous disturbance system in Figs. 3
and 4, it is obvious that Fig. 5 cannot suppress the exogenous
disturbance. This is because the controller lacks a disturbance
observer. Fig. 6 is a subsystem state diagram after adding
disturbance and composite controller. The subsystem state
gradually tends to zero, reflecting the composite controller’s
effectiveness.

Motivated by [38], we define
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S 5T ZE(5)Z5(s) ds
Sy Jo ()¢ (s) ds

Equation (41) illustrates the anti-disturbance performance of
Hoo. According to Fig. 7, we can see that as time goes by,
H(t) finally stabilizes at v*=0.0599 and is much smaller than
Ymin=0.1442. This outcome demonstrates the efficacy of the
proposed composite controller design based on DO.

H(t) = 41

V. CONCLUSION

In this paper, the composite hierarchical anti-disturbance
fuzzy control of NISs with multiple disturbance was ad-
dressed based on the DO. A fuzzy DO (5) was designed to
estimate the unknown disturbance generated by an exogenous
system. Subsequently, a composite disturbance-observer-
based control scheme (6) was developed by integrating a
feedforward compensation term based on the fuzzy DO with
a state-feedback sampled-data control law, while H ., control
was adopted to attenuate another norm-bounded disturbance.
By building a time-dependent function V (¢), a criterion was
derived in Theorem 1 to ensure the exponential stability of
the estimation error system and closed-loop NISs with a
prescribed Ho, performance level. The joint design of the
desired DO and composite disturbance-observer-based fuzzy
controller was proposed in Theorem 2. Finally, a numerical
simulation was used to validate the presented composite
hierarchical fuzzy control scheme. As a higher number of
fuzzy rules increases the computational burden and reduces
the real-time performance of the system, we will optimize
the number of fuzzy rules in future work.
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