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Soft Topologies Induced by Almost Lower Density

Soft Operators

Zanyar A. Ameen” and Ohud F. Alghamdi

Abstract—In this article, we explore the notion of an ’almost
lower density soft operator” on an abstract measurable soft
space, in addition to its essential properties. Next, we consider
the soft topologies generated by these soft operators. We find
some criteria ensuring the existence of such soft topologies. We
define what it means by the smallest soft topology generated
by the intersection of all almost lower density soft operators
on a certain abstract measurable soft space. Furthermore, we
propose the concept of equivalence of two soft operators on
a measurable soft space, and then we analyze the properties
of the corresponding soft topologies. We finalize this research
by examining several soft topological properties associated with
generating soft topologies.

Index Terms—soft topology, density soft topology, lower
density soft operator, almost lower density soft operator.

I. INTRODUCTION

ANY real-world issues are inherently uncertain, and
managing uncertainty well is essential to producing
well-informed decisions. The soft set approach is a potent
mathematical structure that has gained popularity recently for
handling uncertainty and describing the intricate interactions
between parameters in a variety of subjects. This approach
is especially applicable in areas of difficulty where data
could be more precise, clear, and complete, as it provides
an adaptable and understandable method of representing
and analyzing ambiguous data. Molodtsov [1] expanded on
conventional set theory in 1999 through the introduction of
the soft set concept. In contrast to crisp sets, which classify
components as wholly part of a set or not, soft sets support
different levels of ambiguity or uncertainty by allowing
for incremental memberships. Because of its adaptability,
the soft set framework may be used to address challenges
involving uncertainty. This helps decision-makers deal with
ambiguous data and express the complex interactions be-
tween parameters (see [2], [3]).
Soft topology [4] is a modern version of topology that
integrates the classical topology with soft set theory. Soft
topology has attracted the interest of many researchers by
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generalizing numerous types of topological thoughts (see [5],
[6], [7], [8], [9], [10]). Methods of generating soft topologies
is one of the thoughts. The first non-trivial techniques were
introduced in [11] and further developed in [12], [13]. Kandil
et al. [14] introduced a method based on the generalized
local function that generates soft ideal topologies. In [15],
a novel different method for creating soft ideal topologies
was demonstrated. The basis of this method was the finding
of cluster soft points, functioning as a soft operator of the
soft set. Recently, the approach to constructing density soft
topologies, which are soft topologies generated by lower
density operators (briefly, LDS-operators) on both chargeable
and measurable soft spaces, was described in [16], [17].
In this direction, we introduce the concept of an “almost
lower density soft operator” (briefly, ”ALDS-operator””) on
measurable soft spaces with the related soft o-ideal. The
aforementioned soft operators are natural extension of the
classical lower density and almost lower density operators
studied in [18], [19], [20], [21], [22], [23], [24], [25]. Our
main goal is to generate soft topologies by ALDS-operators.
The generating soft topologies share some properties with
density soft topologies. Further features and characterizations
of the newly generated soft topologies are discussed. Ad-
ditionally, the notion of equivalence of two soft operators
on a measurable soft space are defined, and some of its
implications are explored.

II. PRELIMINARIES

Throughout this note, we refer to our universe as the set
U, a set of parameters as &, and any index set as A.

Definition II.1. [I] A soft set over U is defined to be the
pair (S,€), where € C € and S : € — 24 is a function.

We call a soft set U "null” w.rt. £ if S(c) = 0 for every
¢ € € and denote it by B, and we call it ”absolute” w.rt. £
if S(s) =U for every ¢ € &.

By S(U), we mean the collection of all soft subsets over
U related &.

Definition IL2. [26], [27] Let (S,€) € S(U). Then, (S, &)
is said to be:

o finite if for each < € &, S() is finite.

o infinite if for some ¢ € &, S(<) is infinite.

e countable if for each ¢ € &, S(<) is countable.

o uncountable if for some s € &, S(<) is uncountable.
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Any soft set (S,¢) € S(U) can be expanded to (S,£) b
associating S(s) = () for every ¢ € £ — ¢&.

Let (S,€) € S(U). The complement of (S, €) is a soft set
(S¢,€) = (S,&)¢, whereas S¢ : ¢ — 24 is a function such
that S°(¢) = U — S(s) for all ¢ € &, see [28].

Definition 1L3. [29] Let (S,&) € SU). Then, (S,€) is
called a soft point, symbolized with u., if there exists u € U
and s € & such that S(s) = {u} and U(vy) = 0 for all
v € &€ —{s}. By a statement u. € (S, &) we mean u € S(q).

The collection of all soft points in ¢/ w.r.t. £ is referred to
PU).

Definition IL4. Given (S1,€) = (S1,€),(Ss,&)TSU).
Then (S1,€) is a subset of (S2,&), symbolizes (Si,£)C
(S2,€), if S1(s) € Sa() for every < € & (Si,€) is equal
0 (S2,€), symbolizes (S1,§) = (S2,€), if (51,£)C(52,¢)
and (So,6)C(S1,€) for every ¢ € & The intersection of
(S1,€), (S2,€) is the soff set (S,€) = (S1,€)(S2,€) such
that S(s) = Si(s) N S2(s) for every ¢ € & The union
of (51,€),(52,€) is the soft set (S,€) = (51,€)0(Se,¢)
such that S(s) = S1(s) U S2(s) for every ¢ € & The
set difference between (S1,€) and (S3,&) is the soft set
(5,8) = (51,8) = (52,€) such that S(s) = Si(s) — Sa(<)
Sor every ¢ € & The symmetric difference between (S1,€)
and (So,€) is the soft set (S,€) = (S1,&)A (Sa,€) such
that S(s) = S1(s)AS2(s) for every s € &, (see [30], [28],
[26], [15]). We shall remark that these definitions still hold
for any nonempty index set.

Definition IL.5. Any subclass A C S(U) that contains & and
U and satisfies the requirement that

o (51,6),(52,§) €4 = (81,)N(52,¢) € 4

e {(Si,8)iel}ed = Uier(S6) € A
is considered to be a soft topology over U, see [4], [31]. The
triplet (U, A, ) is named a soft topological space. Elements
of A are called a soft A-open sets, or shortly, soft open sets,
and their complement are called soft A-closed sets or just soft
closed sets. We denote the family of all soft closed subsets
of (U, A, &) by A°. The lattice of any soft topologies over U
is symbolized by T(U), see [32].

Definition I1.6. /4] Let (S,¢) € S(U) and A € T(U). Then:
) Inta(S,€) = UL(T,€) : (T,€)C(5,€).(T.€) € A}
called the soft interior of (S, &).

2) Cla(8,) = N{(T2€) « (8, )E(
called the soft closure of (S,¢).

T,6),(T,§) € A} is

When there is no misunderstanding, we can just utilize
Int(S,€) and CI(S,€) to represent the soft interior and soft
closure of (S, &), respectively.

Lemma IL7. [33] Assume (S,¢) €
Then,

Int((S,8)°) =

SU) and A € TU).

(CU(S,€))° and CU((S,€)°) = (Int(S, €))".

Definition IL.8. Suppose (S,¢),(K,&) €
T(U). The soft set (S, &) is said to be

1) soft nowhere A-dense [34] if Int(CI(S,§)) = &

2) soft A-dense in (K, &) [35] if (K,&)CCI(S,€).

3) first category soft set [36] if it union of countable

soft nowhere A-dense sets. Otherwise, it is the second

SU) and A €

category.

We may remove A from the names of these soft sets if
the soft topology is known from the context. The family of
soft nowhere A-dense sets (resp. first category soft sets) w.r.t.
(U, A, €) is named by N(A) (resp. M(A)).

Definition IL9. [37] Let (T,¢) € S(U) and A € T(U).

Then, (T, &) is called a soft neighborhood of u. € P(U) if
there is (H, &) € A(uc) such that uc € (W,€)C(T, €), where
A(u;) is the class of soft A-open sets containing u..

Lemma IL.10. [4] For any soft topological space (U, A, §),
the set Ac = {S(s) : (S,&) € A} defines a classical topology
on U for every ¢ € &.

Definition IL11. [3]] For any (T,§) € A, there exists a
subset (M;,€) € A such that (T,€¢) = Uicr(M;, €). This
subset is referred to as a soft base of A. If $ is countable,

we say A has a countable soft base.

Definition 11.12. [32] Consider GCS(U). A soft topology
produced by G refers to the minimal soft topology over U
that contains it.

Definition IL.13. A soft ropological space (U, A, &) is said
to be

1) soft first countable [10] if every soft point has a
countable soft base.

2) soft second countable space [10] if it has a countable
soft base.

Definition IL.14. A soft ropological space (U, A,¢§) is soft
Lindeldf [10] (resp. soft compact [7]) if each soft open cover
of (U, A, &) has a countable (resp. finite) subcover.

Definition IL.15. [38] A soft topological space (U, A,€) is
soft Baire if every no-null soft open set is the second category
soft set.

Definition IL.16. A soft ropological space (U, A, &) is said
to be
1) soft regular [9] if for every (F,£) € A° and every
uc ¢ (F,§), there are (S,€),(T,&) € A such that
(F,§)C(S,€), us € (T,€), and (S, §)N(T,€) =
2) soft Ty [8] if every {uc} € A€ for every u¢ € ]P’(Z/{).
Definition 11.17. [14] A class @ # JCS(U) is said to be a
soft ideal over U if J has the following properties:
1) If (S,6) € T and (K, &)C(S,€), then (K,€) € 3, and
2) If (5,€),(K,§) €7, then (S,§)0(K,¢) €73.
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If (2) is true for a countably large number of soft sets, then
J is a soft o-ideal. I(U) represents the set of soft o-ideals
over U.

Lemma I1.18. [I/4] For a soft o-ideal J
Jo ={8(<) :
et

Definition I1.19. Consider a family XCS(U). If X includes

& and is closed under finite (resp. countable) unions and

over U, the set
(S,€) € T} defines a o-ideal on U for each

the complement, then X is referred to as a soft algebra [39]
(resp. soft o-algebra [40]) over U.

Lemma 11.20. [41] For a soft o-algebra X over U, the set
Y. = {S@) : (5,8) € X} defines a o-algebra on U for
every g € &.

Definition IL.21. [36] Assume (S,¢) € S{U), A € T(U), and
J € I(U). Then, (S,€) is named a soft A-open set "modulo”
zfthere exist (T, &) € Aand (R,&) € T such that (S,&) =
(T, €)A(R, ). The family of every soft A-open set "modulo”
J is symbolized by By(A,T). Whenever J is a soft o-ideal
containing the first category soft sets, By(A,J) is called a

soft o-algebra of Baire property soft sets.

Definition 11.22. [36] Suppose A € T(U). The soft o-
algebra induced by A is a Borel soft o-algebra B(A). Objects
of B(A) are called Borel soft sets.

Definition I1.23. [42] A point x € R is called a Y-density

point of a Lebesgue measurable set U C R if

AUeN [z —h,z+h])
2h\Y(2h)

where VY is a continuous nondecreasing function from R

into R™ such that lim W(xz) = 0 and X is the Lebesgue

z—0t

=0,

h—0t

measure on R.

Definition 11.24. [42] Let (R, L, N') be the Lebesgue mea-
surable space with o-ideal of sets of measure zero. The
{U € L:U C ou(U)} forms a topology
on R called Y-density topology generated by the almost
{zr € R :

family Ay =

lower density operator ¢y, where py(U) =
x is a Y-density point of U}.

The quadruple (U, X,7,€) represents a measurable soft
space in the following sense. It consists of X, a soft o-algebra

over U, and 7, a soft o-ideal, such that JC X and ¥/ ¢7

Definition IL.25. [16] Let (U,X,3,£) be a measurable
soft space. It is said that (U,X,3,£) satisfies the hull
property if for each (S,€&) € SU), there exists (T,§) € X
with (S,6)C(T,&) such that for each (C,£) € X with
(CLE)C(T,€) — (5,€), we have (C,€) € 3.

Definition I11.26. [16] Let (U, X,T,£) be a measurable soft
space and let (S,&) € S(U). A soft set (T,¢) € X is said
to be a measurable kernel of (S, &) if (T,£)Z(S,€) and for
each (C,6)C(S,¢&) — (T,€), we have (C, &) € 7.

Proposition I1.27. [16] Let (U, X, T, &) be a measurable soft
space and let @1, p2 be LDS-operators on (U, X,73,€). Then
o1 =2 iff Ay, = Ag,.

Theorem I1.28. [16] Assume (U, X,T,€) is a measurable

soft space and A € T(X
iff ¥=DBy(A,7) and I =

). Then A is a soft topology over U
N(A)AAe.

III. ALDS-OPERATORS

This section introduces the concept of an ALDS-operator
on a measurable soft space, followed by some of its conse-
quences.

Definition IIL.1. Let (U, X, T, £) be a measurable soft space.
The mapping ¢ : X — S(@U) is said to be an almost
lower density soft operator on (U, 2,73, &); shortly, an ALDS-
operator, if it satisfies the following properties, for each

§),(T,¢) €

(S,

(P1) (Ul) =U and o(@) = ;

(P2) ¢((5,ON(T,€)) = (S, (T’ €);

(Ps) (S.OA(T.€) €T = ¢(8,¢) = ¢(T€); and
(P1) #(5,6) = (5,§) €T

(S,6)Ap(S,€) € T
soft operator ¢ is called a lower density soft operator on
U, x,73,£); in short, an LDS-operator, see [16].

If we replace the axiom (P,) by

Lemma IIL2. Let ¢ : ¥ — S(U) be an ALDS-operator on
a measurable soft space (U, X,T,€). Then, for each < € &,
. : Y. — 24 defines an almost lower density operator on a
measurable space (U, X.,T.) (see the definition here [43]).

Proof: Since ¢ be an ALDS-operator, then p(Uf) = U.
Therefore, o(U) = {(s,c(U)) : < € & = {(c,U) : < € &}
Hence, ¢ (U) = U for each ¢. Similarly, ¢ () = ( for
each ¢. Let S(¢),T(s) € X.. Then (S,¢),(T,&) € X. By
(P2). we have ((S,)I(T,€)) = (S, &) (T,€). But
e((S,ON(T,€)) = {(s,c[S() NT()]) : ¢ € &} and
@(S,ONp(T,€) = {(s,ps(5(s)) Nps(T(<))) = ¢ € £} This
implies that ¢ [S(<) NT(<)] = ¢c(S(<)) N (T(s)). Let
S(s),T(s) € X such that S(¢)AT(s) € J; for all ¢ € &.
Then (S,&)A(T,€) € J, which implies (S, &) = ¢(T,€).
Thus, ¢.(S(s)) = ¢ (T(s)). Similarly, we can prove that
(Py) is satisfied for each ¢ € £. This proves . is an almost
lower density operator on (U4, X, J.). |

Lemma IIL3. Let ¢ : ¥ — S(U) be an ALDS-operator on a
measurable soft space (U, X,T3,£) and let (S,§), (T,€) € X.
Then the following properties hold:
1) If (S,§)E(T,€), then ¢(S,§)Sp(T, §).
0(8,€)0p(T, §)Ce[(S, §)0(T, &)].
3) ={(5,§) € X: ¢(5,¢) = o}
Proof:
1) Let (S,¢),(
(5,6 =
(9, 9)Ne(T, ) Sp(T,€). Hence,

T,€) € X such that (S,&)C(T,€). Then
(S,)N(T,€) and therefore, ¢(S,£) =
©(8,€)Cp(T, §).
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§) € X. Since (S,€)C(S

(5,8)0(T,€), by (),
Col(S,6)0(T,€)]  and (T, £)C[(S,£)0

Thus, @(S,§)0p(T, £)Ce[(S,€) O(T,€)].

3) Let (S,¢) € 7. Since (S,6)AZ € 7, by (P3), then
©(5,€) = (@) = 2. Thus, (S5,¢) =

,6)0(T,€)
¢(S,€)
(T,€)).

2) Let (S,), (T,
(T,€)C

and

Lemma II1.4. Let © be soft operator on a measurable soft
space (U, X,73,€) such that ¢ satisfies P, — P3. Let SCX
be a collection such that

1) for each (S,€) € X, there exists (T,§) € S such that
(S,)A(T,€) € 3; and

2) for each (S,€) € S, (S,€) — v(S,€) € 7.

Then (S,€)Ap(S, &) € T for each (S,€) € X.
Proof: Let (S,€) € X. By the hypotheses, one can

conclude that (S,€) — ¢(S,§) € 7. Let (T,£) € S such
that (S,&)¢A(T, &) € J. Therefore, (S,€)N(T,¢) € J; and

thus. (5, €)p(1,€) = o[(S, E)7(T, )] = . This implies
that (S, &)C[p(T,€)]°. Hence, (S,€) — ¢(S,6)Ap(S,¢)
ﬁ(T,f)C(T, 5) - SD(Ta 5) € j; and S0, (S7 5) - 50(57 5) €.
Consequently, (S, &)Ap(S, &) € 7. [ ]

Proposition TILS. Let (U,X,T,£) be a measurable soft
space and let {p; : i € I} be a family of ALDS-operators
@i+ X — S(U), then

Y= miel%
is an ALDS-operator (U, X,7,£).

Proof: Let (S,&), (T, &) € X. We shall show the pillars
P, — P,
(P1) Since o) =U and p;(&) = & for all i, then p(U) =

Nieros) =U and (@) = Nicrvi(D) = 2.
For the given soft sets (S, &), (T,£) € X, by assump-

tion? we have QDZ((S) f)ﬁ(Ta 6)) = SO’L(S7 g)ﬁ@’b(T7 5)
for all 7. Therefore,

(P2)

= (Nieril(8, (T )

— (it les(S, i (T, )]

= erei (S, M Nierwi(T,6))
= p(8,N¢ (T €).

e((5,)N(T,€))

Since, for any (S, &)A(T, &) € 3, we have (S, €) =
@i(T, €) implies Nierg;(S,€) = Niere:(T,€) and so
©(5,€) = (T,¢).

By assumption, for all i, ¢;(S,€) — (S,€) € 7.
Therefore (icr¢: (S, €)= (5,€) = ¢(S,€)—(8,€) € 3.

Hence, ¢ is an ALDS-operator (U, X, 7, §). [ |

(P3)

(Ps)

IV. SOFT TOPOLOGIES GENERATED BY
ALDS-OPERATORS

Definition IV.1. Let ¢ be an ALDS-operator on a measur-
able soft space (U, X,73,€). If the family

ALP = {(Svg) € 2: (S,f)Ccp(S,ﬁ)}

is a soft topology over U, then A is called the soft topology
generated by .

Lemma IV.2. For any ALDS-operator ¢ on a measurable
soft space (U, X,T,&). The family A, can be identified with
Remark IV.3. We shall remark that A, need not be a soft

topology, in general, see Example 4.3 in [16]. However, it
forms a soft base for a soft topology (c.f. [15, Theorem 4.5]).

Below are some examples of soft topologies generated by
ALDS-operators:

Example 1V.4. Let S(U) be the soft c-algebra of all soft
sets over any nonempty set U and let Jo = {D} be the soft
o-ideal. The identity soft operator ¢ on the measurable soft
space (U, S(U), Ty, €) is an ALDS-operator. The family A,
forms the soft discrete topology over U.

Example IV.5. Let (R,B(A),3.,&) be a measurable soft
space, where B(A) is the soft o-algebra over the set of
real numbers R generated by the natural soft topology A
(Example 4.3 in [16]) and 3, is the soft o-ideal of all
countable soft subsets. Consider the soft operator p on
(R, B(A),J.,&) defined by

Z, if(S,6)°¢73
©(S,6) =
R, if(5,¢°€T,.

Then, ¢ satisfies P — Py and so it is an ALDS-operator. The

family
A, ={(5,€) € B(A) :
={(5,¢) € B(4) :

is a soft topology over R.

(5,6)S0(8,8)}
(5,€) € 3.10{&}

Proposition IV.6. Let A, be a soft topology generated by
an ALDS-operator ¢ on a measurable soft space (U, X, T, ).
For any (S, &) € X, we have

1) Inty, (S,€)S(S,)Np(S,E).

2) CZAW(S»@_( »E)00p((5,6))]%
Proof: Suppose (S5,&) € X.

1) By definition, Ints,(S,6) = (J(Gr.€) such
that (G, §)Cp(Gr,€)  and (G, §)E(S,€)
for each A. Since ¢ is monotone, then we
have (G, &)Cp(Gy,E)Cp(S,€); and therefore,
(Gr, )T (S,6)Np(S,€) for each A Thus,

Inta (S,€)E(S, £)Nep(S, ).
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2) By Remark I1.7, we have

Cla, (5,€) = [Int, [(5,€)°]]°
2[(5,8) M ((5, )
= (5,9)0[p((S5,6)))"
|

Theorem IV.7. Let A, be a soft topology generated by an
ALDS-operator  on a measurable soft space (U, X,T3,&). If
(S,€) €7, then (S,§) € AZNN(Ay,).

Proof: Suppose that (.5, &) € 7. Obviously, (S,&)¢ € X.
Since (S,&)°AU € 7, then ¢((S,£)¢) = @(U). Therefore,
(S.6)°CU = oU) = ¢((S,)°). and so, (5,§)° € A,
Hence, (5,§) € Ag. We now prove that (5,&) € N(A,). If
(G, §) € A, such that (G, £)C(S,€), then (G,&)Cy(G,€)C
0(S,6)CU — p((G,€)°)] = . This implies that (G, &)
must be null. Therefore, (S,&) € N(A,). Thus, (S,¢) €
ASAN(A).

Corollary IV.8. Let A, be a soft topology generated by an
ALDS-operator ¢ on a measurable soft space (U, X, T, §).
Then JCM(A,).

The converse of Theorem IV.7 need not always be true,
as shown in the following example:

Example 1IV.9. Consider the measurable soft space
(R,L(L),Tn, &), where IL(L),Tnr are respectively the soft
o-algebra and soft o-ideal over R generated by c-algebra
L of Lebesgue measurable sets and o-ideal N of sets of
measure zero in R (Theorem 4.2 in [41]). Let the soft
operator ¢, on (R, L(N),Tr, &) be defined by ¢, (S,&) =
{(s,04(5())) : ¢ € Eand S(s) € L}. Since ¢, is an
almost density operator on R, then o, is an ALDS-operator.
The soft topology /L/,\p generated by o, will be called the
W-density soft topology over R. Therefore, A% has many
soft Ag-closed and soft Ag-nowhere dense sets that are not
in Jpr, see [42].

However, the converse is true for LDS-operators on both
chargeable and measurable soft spaces, see [17], [16].

Remark IV.10. In Example IV.9, we shall observe that
M(A‘P\r/) = S(R). This proves that a soft topology A,
generated by an ALDS-operator ¢ need not be soft Baire
in contrast to soft topologies generated by LDS-operators,
see [17], [16].

Theorem IV.11. Let A, be a soft topology generated by an
ALDS-operator ¢ on a measurable soft space (U, X, T §).
If (S,€) € 3T, then (S,€) € AZND(A,), where D(Ay) is
the family of all soft discrete sets in (U, A,). Moreover, the
reverse will be true if J includes all finite soft sets over U.

Proof: Suppose (S,¢) € 3. By Theorem IV.7, (S,€) €
Ag,. It remains to prove that (S,§) € D(A,). Let u¢ be a
soft point in (S, &). Since (S, &) —{uc}C(S, &), then (S, &) —

{us} € 3. Again, by Theorem IV.7, (S,§) —{us} € AS; and
hence, {u} is a soft A,-open set in (S5, &). Evidently, {uc}
is a soft A,-closed set in (.5, &). Therefore, (S,&) € D(Ay).

Conversely, suppose (S,§) € ALND(A,). Clearly, we
have that (S,¢)¢ € A,CX. Since X' is a soft o-algebra, then
(S,€) € X. But (S,¢) € D(A,); so, for each uc € (S,§),
there exists (G, ,&) € A, with ug € (G, &) such that
(Gu., ON(S,€) = {uc}. Therefore,

te € (Gug, §)Sp(Gug, §) = (G, §) = {ucHCp[(5, ).

This means that (S,&)Cp[(S,€)¢]; and then, (S,€) =
ol(5, )] - (5,8) € 7. ]

Theorem IV.12. Let A, be a soft topology generated by an
ALDS-operator ¢ on a measurable soft space (U, X,T,€). If
J = M(A,), then By(A,, T)CX.

Proof: Let (S,¢)
(G,&)A(N,€), where (G,€) € A, and (N,€) € N(A,).
Since A,CX, so (S,€) € X. Hence, By(A,T)CX. |

Here, we shall remark that for the case of LDS-operators,
we have By(A,,J) = X (see [17], [16]). However, for
ALDS-operators, the inclusion is proper, as shown in this

€ By(A,7). Then (S,&) =

example.

Example 1IV.13. Consider the measurable soft space
(R,L(L),Tn, &) constructed in Example IV.9. Let the soft
operator ¢ on (R,L(L),Tnr, &) be defined by

@, if(S,8°¢In
@(8,8) =
R, if (S,6)° € In.
The family

Ay ={(5,8) € L(L) : (8,£)Cp(S,€)}
={(5,8) e L(£) : (5,€)° € Tn}0U{D}

is a soft topology over R generated by the ALDS-operator
@ such that Iy = M(T,) and By(Ay,Tnr) CL(L).

Next, we find a condition under which A, forms a soft
topology:

Theorem IV.14. Let ¢ be an ALDS-operator on a measur-
able soft space (U,X,7,€). If (U, X,T,£) satisfies the hull
property, then A, is a soft topology over U.

Proof: Uu,x,73,¢) the hull
property. We have to prove that A, is a soft topology.
Evidently, we have &,U € A,. If (S,€),(T,¢) € A,
then (S,6)Cp(S,¢), (T,6)Cp(T,€).  Therefore,
(S, ON(T, ) Ce(S,NP(T,€) = ¢[(5,§) N(T,¢)]
from (P»); hence, (S,§)N(T,§) € A,. We now check that

Suppose satisfies

Ubes(Wy, &) € A, for each {(W3,€) : b € B}CA,.
Since (U, X,T3,£) satisfies the hull property, so
there exists a measurable kernel (C,¢§) € X of

Ubes(Ws, &) such  that (C,&)CUpes(Wh, &) and  for
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any (D,&)CUses(We,€) — (C,€) implies (D,&) € .
Since [(Wp, )N(C, €)]A(Wy,€) € T for each b € 3, then
P[(Wy, (T, €)] = (W, £). Now, we obtain that

(€,€) T Ures Wi, ) Ubesp (Wi, €) )
= Ubeﬁ@[(va f)ﬁ(C, 6)} C@(Cv f)

Since (C,&) — (C,6) € 3, then Upep(Wi,&) —
(C,¢) € 3; and thus, Upes(Ws, &) = [Upes(Wp, &) —
(C,9)]0(C,&) € X, as X is closed under finite unions.
Furthermore, by Equation (1) and Lemma IIL.3 (1), we have
Uses (W, €)C@(Unes(Wa, €)). Thus, Upes(Ws, €) € Ay
|
The converse of the above result is not true in general.
The family A, constructed in Example IV.5 by the ALDS-
operator ¢ on the measurable soft space (R,B(A),7,,¢)
forms a soft topology, while (R, B(A),J,,,&) do not satisfy
the hull property. It should be noted that the converse is true
when ¢ is an LDS-operator, see Theorem 4.20 in [16].

Theorem IV.15. Let ¢ be an ALDS-operator on a mea-
surable soft space (U,X,J,€) that generates A,. Then
J = M(A,) iff there exists a soft o-algebra SCX and an
LDS-operator § on (U,S,T,§) such that A, = Ag.

Proof: Suppose J = M(A,). Choose S = By(Ay,,T).
Since By(A,,T) is the smallest soft o-algebra containing
A, and M(A,), so SCX. Set 6 = ¢|s. We shall check
that 6 is an LDS-operator # on a measurable soft space
(U,8,73,¢). The first three conditions are directly satis-
fied because ¢ is an ALDS-operator. We now show that
0(S,&)A(S,€) € J. Suppose (S,€) € S. Then (S,¢) =
(T,6)A(K, E), where (T, €) € A, and (K, &) € 3. It follows
that 6(S, &) = ¢(S,&) = p(T,£)D(T, €). Therefore, (S,&)—
0(S,&)C(S,¢) — (T,€) € T; and thus (S,&) — 6(S,¢) € 7.
By Lemma II1.4, we get that 6(S,&)A(S,€) € J. Hence,
0 is an LDS-operator. The Proposition I1.27 guarantees that
Ay = Ay

Conversely, suppose ¢ is an LDS-operator 6 on (U, S, T, §)
such that A, = Ag. By Theorem I1.28, M(Ay) = J. Since
A, = Ag, then T = M(A,). [ |

Theorem IV.16. Ler (U, X, T, ) be a measurable soft space
satisfying hull property and let A € T(U) such that 3, AT X.
Then there exists a soft o-algebra X* that makes

As@" = {(S,E) € DI (Sag)c%@*(sag)}

the smallest soft topology over U for some ALDS-operator
on (U,3,7,€).

Proof: Let K be the collection of soft o-algebras
containing both J and A. Set X* = ﬁ yex 2 By Lemma
3.1 in [41], X" is a soft o-algebra. By assumption and
Theorem IV.14, A, is a soft topology over U for all
ALDS-operators . By Proposition IIL.5, ¢* = ﬁ(p is an

ALDS-operator. We now show that A« is a soft topol-
ogy. By Py, Py of ¢*, &,U € Ay and (S,6N(T,€) €
Ay~ for any (S,€),(T,€). Let {(S;,€) : i € I}CAp-.
Then (S;,&)Cp*(S;,€) for all 4. By monotonicity of ¢*,
we can see that (S;,&)C¢*[Jics(Si,€)] and therefore
Uier (i, )Ce* [Uier (55, €)]. Thus, User(Si,€) € Ay,
showing that A~ is a soft topology over /. The smallestness
of A« can be followed from the definition of (™. ]

Remark IV.17. From remarks IV.2 and IV.3, we conclude
that A,- identical to the cluster soft topology on a soft o-
algebra generated by some soft topology.

Definition IV.18. Let 1, w2 be soft operators on a measur-
able soft space (U, X,T,£). We say ¢1,p2 are equivalent,
denoted by @1 =~ o, if 01(S,6)Apa(S,€) € T for each
(5,¢) e X

Remark IV.19. We shall remark from Proposition 11.27 that
1 and @ are equivalent. However, this property does not
hold when p, and o are ALDS-operators, see the below
arguments.

Example IV.20. Suppose (R,L(L),Tpr,§) is the measurable
soft space constructed in Example IV.9 and ¢ is the soft
operator on (R, 1L(L),Tnr, &), which is defined by

Pq (S, §N(K, E),
Sﬁo(saf) =
Ra if(S7£)C63N7

if (5,8)° ¢ In

where ¢, is the ALDS-operator given in Example IV.9 and
(K,¢) = {(s,K(s)) : s € £ and K(s) is a Bernstein set}.
The ALDS-operators pg and ¢ (defined by Example 1V.13)

are not equivalent. However, Ay, = A.

On the other hand, one can have the following conclusion
for ALDS-operators:

Proposition IV.21. Let 1,92 be ALDS-operators on a
measurable soft space (U, X,3,§). If A,, = A,,, then
01(8,€)Bp2(S,€) € T for each (S,€) € Ag,.

Proof: Let A, = Ag,. Suppose (S,&) € A,,. Then
()01(575) = (S,f)G[QDl(S,g) - (575)} and ¢2(Sa§)
(S,8)T[p2(S, &) — (5, &)]- Since T is a soft o-ideal, therefore,
P1(S,€)Aps(8,€) € 7. [ ]

Proposition IV.22. Let 1,92 be ALDS-operators on a
measurable soft space (U,X,T3,£). If o1 ~ pa, then for
each (S,§) € Ay, there exists (T,€) € T such that
(5.6) = (T.€) € A,

Proof: Let (S,§) € Ag,,. Then (S,£)C¢1(S,¢).
Set (T,€) = ¢1(S,&)Apa(S,€). By Proposition 1V.21,
(T,¢) € 3. Therefore, (S,&)Cpa(S,E)A(T,E) and
so (5,6)Cpa(S,€)T(T,€). This means that (S5,&) —

(T7 5)§@2(Sv f) But 902(57 5) = 902[(57 5) - (T7 g)] Thus,
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(S’ g) - (T’ §)§@2[(‘97§) - (

A

T,¢)]. Hence, (S,&) — (T,¢&) €

P u

Theorem IV.23. Let 1,0 be ALDS-operators on a mea-
surable soft space (U,X,7,§) and let Ay, , Ay, be soft
topologies generated by 1, s, respectively. If o1 =~ s,
then

1) M(A,,) = M(Ay,). and
2) BO(ASONM(A )) (Al,azaM(A ))
Proof:

1) To prove this part, it suffices to show that N(A,,) =
N(Ay,). Let (S,€) € N(A,,) and let (W, &) € Ag,.
Then, by Proposition IV.22, there exists (K,&) € J
such that (W,§) — (K,§) € A,,. Since (5,§) €
N(Ay, ), then there exists & # (G,§) € A,, such
that (G,§)S(W, ) — (K,&) and (S,6)N(G,§) = &
Again, by Proposition IV.22, there exists (L,&) € J
such that (G,¢) — (L, &) € Ag,. Clearly @ # (G, §) —
(L, (W, €) and (S, E)7I((G. €)— (L, )] = &. There-
fore, (S,€) € N(Ay,); and hence, N(A,,)CN(Ay,).
The reverse of the inclusion can be proved similarly.

Consequently, M(A,,) = M(A,).
2) Let (S,§) € DBy(Ap,,M(A,,)). By Theorem 5
(5) in [36], (5,8) = [(G,§) — (K,§]0(L,§) for

some (G,f) € ASDl and (Kag)v(ng) € M(/LFH)
By Proposition IV.22, one can find (W,¢) € J

such that (G,§) — (W,§) € A,,. Therefore,
(5,6) = [l((G,§) — W§)0((G HNW, )] —
(K, 9]0(L, €) = (G,6 - e -
(K, IO[G, ONW, N(K, §)O(L, §) = [[(G,€) —
(Wf)] — (K I0[G, ONW, N(K, §)°O(L, §)]-
Set (G,¢) = (G,§) — (W,¢) and
(L8 = (GHONW,HN(K,)°T(L,§).  Since
JCM(A,,) and Mi(A,,) is a soft o-ideal, so
(L',§) € M(A,,). This means that (S,§) =
(C6) — (K.OI(L.€), where (€6) € A,
and (K,§),(L',§) € Mi(A,,). Thus, (S,§) €
Bo(Ay,, M(Ay,)). Consequently,
Bo(Agy M(Ay,))TBo(Apy, M(A,,). By  the
same technique, we can prove the reverse. Hence,
Bo(Ap,, M(Ay,)) = Bo(Agy, M(A,,).

|

One can conclude from Example IV.20 that the range of

an ALDS-operator may be very large. However, it can be
determined with X.

Theorem 1V.24. Let ¢ be an ALDS-operator on a measur-
able soft space (U,X,T3,£). If there is an ALDS-operator
O:H— Yon (UH,T,E), where H is an ssm-system such
that JCHCX, then Ao = Ag.

Proof: Put H = {(S,€) € X : ¢(S,§) € X}. By (Pi-
Py), H is an ssm-system over U including &,/ having the
property that JCHCY. Set © = ¢|,,. Apparently, © is an

ALDS-operator on (U,H,J,£). To show that Ag = A,
it is enough to check that AV,QA@ since the reverse is
always possible. If (S,&) € Ay, then (S,¢) € X and

(S,6)C(8,¢). Since (S, )A(S,€) € T, then ¢(S,&) =
(S,

(S,8)0[p(S, &) — (S,€)]; and therefore, (S,£) € H. This
means that (S,£)Cp(S,€) = O(S5,€); and hence, (5,€) €
Ag. Thus, ALPCA@. |

Theorem IV.25. Let ¢ be an ALDS-operator on a measur-
able soft space (U, X,73,§) and let A, be a soft topology
generated by . If J contains all finite soft sets, then
1) (U, Ay, &) is not soft compact, if I contains an infinite
soft set.
2) U, A, €) is not soft Lindeldf, if J contains an un-
countable soft set.
3) (U, AL, €) is a soft Th-space.
4) (U, A, &) is not soft separable.
5) U, Ay, ) is not soft first countable.
( )

6) (U, A,,§) is not soft second countable.

Proof:

1) Assume (S,€) € J is infinite. For each u. € P(U),
(8,6) —{us} € T and so (5,§) — {us} € Ag.
Therefore, (S5,£)°O{u.} € A,. This means that
{(S,9)°0{uc}tu_e(s,e) is a soft A,-open cover of U
with no finite subcover. Hence, (U, A, ) cannot be
soft compact.

2) Similar to (1).

3) The proof is clear since {u.} € J for each u; € P(U)
and each element of J is soft A,-closed. Therefore,
(U, A, €) is soft T.

4) Since, by Proposition IV.7, 3 = N(A,), which includes
all countable soft sets. Consequently, each countable
soft set is soft closed. Then, no countable soft set is
soft A,-dense in (U, Ay, §). Thus, (U, Ay, &) cannot
be soft separable.

5) Pick u. € P(U) and let {(W,,€) :n =1,2,---} be
a family of soft A,-open sets containing u.. For any
n, let u? € (W,,&) with u? # ug. Set (W,§) =
(W1, — {u? : n = 1,2,---}. Then (W,§) is a
soft A,-open set containing u.. But, (I, &) does not
contain an (Wy,§) for each n. Therefore, (U, A,,&)
cannot be soft first countable.

6) It follows from (5) since soft second countable space

implies soft first countable.
|

Theorem 1V.26. Let A € T(U) with U ¢ M(A) and let A,
be a soft topology generated by an ALDS-operator ¢ on the
measurable soft space (U, By(A, M(A)), M(A), &) such that
ACA,,. If there exists (W,§) € M(A) which soft A-dense,
then (U, A,) is not soft regular.

Proof: Since ¢ is defined on the measurable soft space
(U, By(A, M(A)), M(A), &), which satisfied the hull property
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(see Lemma 4.19 in [16]), by Theorem IV.14, the family

is a soft topology over U.
Claim: If (W,§) €
(W,€)° € M(A).

Proof of the claim. Let (W,{) € A, be soft A-dense.

A, is soft A-dense, then

Then (W,¢) = (T,&)A(K,E) for some (T,6) € A
and (K,§) € M(A). We shall show that (7,&) is
soft A-dense. Assume otherwise that there exists
g # (G,§) € A such that (T,6N(G,§) = 2.

Since ACA,, then (W,&)(G,§) € A,. Therefore,
(W, ON(G, ) Sp(W, E)Ne(G,€) = o((T,§)N(G, §)) = 2.
This means that (W, £)N(G, &) = &, which contradicts to
the soft A-density of (W,&). Hence, (T,£) € A which is
also soft A-dense; and thus, (7, &)¢ € M(A). Consequently,

(W, &) € M(A).

Suppose (W,€) € M(A) is soft A-dense and wu. ¢
(W,€). If (U, A,) is a soft regular space, then there exist
(8.6), (T,€) € A, such that (W,€)C(5,), u, € (T,€),
and (S,§)N(T,¢) = Z. By our claim, (5,8 € M(A)
and (7T,8)° ¢ M(A); and thus (S, HN(T,E) # O, a
contradiction. Hence, (U, A,) cannot be soft regular. [ |

V. CONCLUSION

The term “density topology” is borrowed from the
Lebesgue density topology on the set of real numbers. The
density topology is larger than the natural (usual) topology.
The literature documented a number of density topology
extensions. Then an abstract version of density topology
was developed by many scholars, see [24], [43], [44], [20],
[21]. Recently, the density topology on different domains
was introduced in [17], [16]. By weakening the axioms of
the lower density operator, an ALDS-operator is born. This
soft operator is studied along with its relation to the classical
almost lower density operator. Our primary aim is to explore
the soft topologies produced by ALDS-operators. Some non-
trivial examples of such soft topologies are given. We have
compared the properties of soft topologies generated by
ALDS-operators to the properties of density soft topologies.
In addition, we have defined what it means to be equivalent
soft operators. The consequences of this concept are also ex-
plored. We also demonstrated which topological properties,
like compactness and Lindelofness, some separation axioms,
and countability axioms, may be observed in soft topologies
formed by ALDS-operators.
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