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Energy of Partial Complement of a Graph with
Self-loops

Amrithalakshmi, Sabitha D’Souza and Swati Nayak*

Abstract—The purpose of this paper is to extend the concept
of energy of a graph with self-loops to partial complement of
a graph. The partial complement of a graph GG with respect to
a set S denoted by G @ S is the graph obtained by removing
the edges of (S) and adding edges which are not in (S) in G.
Let G be a graph of order n with o self-loops, then the energy

n

is defined as E(G) = 5

i=1
the concept of energy of partial complement of a graph G with
self-loops.

i — 7 ’ Based on this, we introduce
n

Index Terms—Partial complement, Energy, Self-loop.

I. INTRODUCTION

Let G = (V, E) be a simple, undirected graph of order n
and size m. In 1978, I.Gutman defined energy of the graph
by defining the adjacency matrix A(G) as,

n

E(G) =3 Al

i=1
where A1, Ao,..., A, represent the zeros of characteristic
polynomial of A(G) [5]].
Let G be the graph with self-loops to each vertex belonging
to S, where S C V(G). Then the adjacency matrix of Gg
is a symmetric square matrix A(Gg) of order n such that,

1, if v; and v; are adjacent,

0, if v; and v; are not adjacent,
1, ifi=jandv; €5,

0, ifi=jandv; ¢ 5.

A(Gs)ij =

The energy of G is defined as,

n

E(Gs)= %
where o is the cardinality of S and A\ (Gs), \2(Gs). ..,
An(Gg) are the eigenvalues of A(Gg) [8].

Let G = (V,E) be a graph and S C V. The partial
complement of a graph G with respect to S, denoted by
G @ S, is a graph (V,Eg), where for any two vertices
u,v € V, uv € Eg if and only if one of the following
conditions hold good [3]:

)ug¢SorvegSanduv e E.
2) u,v € S and uwv ¢ E.

g

Xi(Gs) — E
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Let (G @ S), be the graph obtained by attaching a self-
loop to each of its vertices belonging to (V' — S) such that
|V — S| = r. Then the adjacency matrix of (G & S), is a
symmetric square matrix A(G®S), of order n whose (i, j)—
entries are

1, if v; and v; are adjacent,
A((G@ S)r)ij =<1, ifi=jandv; € (V-S),
0, Otherwise.

Let x1, x2,---

mial of (G & S), and Y x; =7.
i=1
Then, the energy of (G @ S), is defined as

i=1

, Xn be the zeros of the characteristic polyno-
n

r
Xi— —
n

Example 1.1: For the graph G, G& S and (G® 5), is as

follows.
%—0
@
v % \5 Vy
GBS

Y % e g
GDs):

Fig. 1

And the adjacency matrix of partial complement of a graph
with self-loop is given by,
0

0 0 1
00101
AG®HS), =10 1 1 1 1.
001 10
1110 0

Theorem 1.1: The eigenvalues X1, Xxa2,...,Xn Of partial
complementary graph with self-loops satisfies the following
relations:

D > xi=r
i=1
n
2) > X? =r + 2mg, where mg be the number of edges
i=1
of (G& 9),.
Proof:

1) We know that sum of eigenvalues of A(G & S),=trace
of AIG® S), =r.
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2) We know that sum of squares of eigenvalues of
A(G @ S), is trace of A%(G @ 9),.

n n n
2 _
Xi = Q5 Qj4
i=1

iljl

= E a”—|— E 5055

i#]

*Za”JrQZalj

1<j
=r+2[mg].

| |
Theorem 1.2: With the same notation as in theorem (1.1}

r|2 r
Xi——| =r+2mg——,
n n

i=1
where mg is the number of edges of (G & S),..

Proof:
n 2
> (u-5) = T - T
=1 =1
2
=7r+2mg — L
n
|
Lemma 1.3: 1) If r =0, then E(G @ 9), = E(G).

2) If r = n, then E(G @ S),
Proof:

1) If r = 0, then |S| = n and the graph (G&S), coincides
with G. So, E(G ® S), = E(G).

2) If r = n, then |S| =0 and A(G® S), = AG) + I,
where I, is an identity matrix. Therefore,
X(G®S) =x(G) +1.
From (I) and (), E(G & S),

= E(G).

- E(G).

II. BOUNDS FOR ENERGY OF PARTIAL COMPLEMENT OF
GRAPHS WITH SELF-LOOPS

In this section, we discuss the bounds for energy of

partial complement of graphs with self-loops.

Theorem 2.1: If (G®S), is partial complementary graph
with r self-loops then,
2/n
3

\/Qms—&—r—%—&—n(n—l) [det( G®S8), —

2
n(r—i—st—T—).
n

Proof: By taking a; =
Schwarz inequality, we get

(Sh-2l) xS hoif
(j Xi—nD <n<r+2ms-f)
E(G@S)TS\/n<r+2ms—7i>~

<EG®S), <

Xi — f‘ in Cauchy-
n

By Arithmetic and Geometric mean inequality,

1

n(n—l)g ’ ;>|:£[inr Xj;:|"(”—1)
> [det <A(G@s)r,%l>]2/"
; Xi*%' Xj*% > n(n —1) [det (A(G@S)’"7%>]2/n~
Consider,

[B(G e S),)? = (Z Xi — 2])

r‘
- —1|XJ
n

il
n
E(G®S), >

\/Qms +r— % +n(n—1) [det ’A(G@ S)r — %HQ/n.

Theorem 2.2: Let p(G @ S), be the spectral radius of
A(G® S), of order n and r self-loops. Then

2
THEMS < (@@ S), < T 2ms.
Proof: Consider,

2 _ 2
PH(G®8) = max {[xil}

n
< fo =71+ 2mg.
i=1

p(GEB S)r S VT + 2m5.
Next consider,

np*(G @ S)r > max {|xi|"}

1<i<n
>r+2mg.
Thus,
r+2mg
p(GDS)r >\ ——.
n
2
Hence, T ims <p(G®S), < r+2msg. [ ]

n
Theorem 2.3: If x1 > x2 > ... > Xn are the eigenvalues
of A(G®.S), on n vertices, mg edges with r self-loops then

E(GaS), gxl—§+
r2(n+1
rintl) )—Xf)

X1
\/(n—l)<r+2(ms+)— 2
Proof: Applying Cauchy Schwarz inequality for (n—1)

terms,

r 2

H) = (G (G-

2

[E(G@S),. - (Xl - %)] <(n—1) (r+2ms _ % B (Xl - %)2>

Xi —

=2

2
E(G®S), < Xl’Tﬁ\J (n—1) <7‘+2 (ms T %) _ret+d ,Xz>

n2
|

Lemma 2.4: [6] Let x1,x2,...,x, and y1,¥y2,...,Yn be
real numbers. If there exist real constants x, y, Xand Y such
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that for each 7,2 = 1,2, ...,
y <y; <Y, then

n n n
n g TiYi — E Xg E Yi
i=1 i=1 =1

n,r <x; <X and

<an)(X —z)(Y —y),

where a(n) =

Ty =xy=...=zpad Yy =y2=... = Yn.
Theorem 2 5 Let x1,x2,---, Xn be the eigenvalues of the
graph (G @ S),, containing r self-loops. Then, E(G & S), >

T G :
n n2 n 4

2
r r
Proof: Let ’X1—*’ > ’Xg—f > ... >
n

.
X1——| =
n

By substituting z; =

Xi— — | Y = |Xi— ) =Yy =
n

x
nl
and a(n) < T in ,

Xn—z‘andX:Y:‘m—f
n n

we obtain
" 2
2
. —(m—))
i i=1
2 rn2
<7 - .
<7 (po =3l = Po=3)
2
—f’ =7r+2mg— — and
> x _C‘ZEG@S).

=1

Then the above inequality becomes,

2
< A _
< (o= al-he-2l)"
Thus
r 2m r\2 1 r r 2
pGas)yzm/T+ 22 (1)L (- 2| - - 2])"
m
Lemma 2.6: [6] Let x1,22,...,2, and y1,¥y2, ...,y be

real numbers. If there exist real constants r and R such that
for each i, =1,2,...,n,rx; <y; < Rx;, then

znjy? +7~R2nj:c? < (r+R)ixiyi.
i=1 =1 i=1

Equality holds if rz; = y; = Rx; for at least one <.
Theorem 2.7: [6] Let x1,X2,-..,Xn be the eigenvalues
of the graph (G @ 5),., containing r self-loops. Then,

2
r
r—|—2mg———|—n

]

r
Xn — —
n

E(G®S), >

e R

Proof: Taking z; = 1,y; = |xi — —|,

in we obtain
T T ~ 2
el —=) 1
D>
T - T
o= ) =7l

and R = |x1 — —
n

i=1
<(

r
lef‘Jr
n

n[2](1— [%]). Equality holds if and only if

Inequality becomes,

r2
r+2mg— —+n
n

T T
o= glpa =7
Xn — %D E(G&S),

r
< (‘X1—*‘+
n
r2
r+2mg——+n

-3

E(G®S), >

w3

Theorem 2.8: Let G be a graph of order n and
2
;‘ Xij = ms. Then E(G & S), < \/n (r +2mg — 2)
i<j

n 2
Proof: We have Y Z ( f‘ - ’Xj - 1’) >0
i=1 n n

T
W If v |
n

r n
wo 2l

i=1j=1

2
E(G@S)TS\/n(r—&—Qms—;). [ ]

III. ENERGY OF PARTIAL COMPLEMENT OF SOME
GRAPHS WITH SELF-LOOPS

In this section, we aim to provide the energy of partial
complement of various classes of graphs with self-loops. We
adopt the eigenvector approach to prove the theorems.

Theorem 3.1: Let (K,, ® S), be the complete graph with

r self-loops then E(K,, & S), = T Vanr — 32
Proof: "
A(Kn ® S)r _ |:0(n—7")><(n—7’) I(n—r)xr is the
rx(n—r) rXr nxn
adjacency matrix of (K, ® 5),.
Let W = ;( be an eigenvector of order m partitioned
conformally with A(K, ® S),.
Consider
det|xI — A(Kp & S)] (if) _
|:Xl(n—r)><(n—r)X(n—r)><l - J(n—r)xr}/v"xl ) (1)
*er(n—r)X(n—r)xl =+ (XI - J)rxryrxl
Case I: Let X = X, =¢1 —¢j,7=2,3,...,(n—7) and
Y =0px1.
From equation (1)), (xI)X; — J0,x1 = xX;.

Then, x = 0 is an elgenvalue with multiplicity of at least
(n —r —1) as there are (n — r — 1) independent vectors of
the form X;.

Case 2: Let X = Oy—pyx1 and YV =Y = €
2,3,...,7.

From equation (1), (xI — J)Y; = xY.

So x = 0 is an eigenvalue with multiplicity of at least (r—1)
since there are r — 1 independent vectors of the form Y.

Case 3: Let X(;,_,) =1, and Y = (n — T) 1,, where

X—r
X is any root of the equation

—€5,] =

X2 —rx—r(n—r)=0.
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From equation (IJ),

r
XI]'(TL—T‘) - J(n—'r)xr <X — ’I“> 1,
r(n—r)
= Xl(n—r) - () l(n—r)

X—-r

r(n—r
- (- (=) )0
X =
So x = r 4+ Vdnr — 3r2 r —/A4nr — 3r2

eigenvalues with multiplicity of at least one.
Thus the spectrum of (K, & 5), is
0 r4+VAnr —3r2  r —+/dnr — 3r?
2 2

n—2 1 1

So, E(K,, @ S), = — + \/Anr — 3r2. n
n

Theorem 3.2: Let (K1 ,-1 ® S), be the partial comple-

ment of star graph with r self-loops. Then

on? — -2
E(Kin1®8), = w

and y = are the

n
Proof: Let
B, Orx(nfrfl) Jrx1
A(Kl,nfl D S)r = O(n—r—l)xr I(n—r—l) J(n—r—1)><1
Jixr Jlx(n—r—l) J1 n

be the adjacency matrix of (K1,n—1 @ S),. Here B is the
adjacency matrix of complete sub-graph and J is the matrix
with all entries 1.

Step 1: Consider |xI — A(K1 -1 D S)r|.

Then by applying row operation R, — R; — R; 1,
i1=2,3,...,(r=1),(r+1),...,(n—r—2) and

column operations C, — C; + Ci—1 + ... + Cr11,
i=(n-r—1),...,(r+2)and C; — C;+Cj_1+...+C1,
j=rr—1,...,20n |x] — A(Ki,-1995),|, we get (x +
D x = 1) 2 (3 + x(r = n)).

Hence the spectrum of partial complement of star graph with
r self-loops is represented by

0 1 -1 n—r
1 n—r—-1 r—-1 1
and its energy is E(K7 -1 ® S), =
n
Theorem 3.3: Let (K1 ,-1 ® S), be the partial comple-
ment of star graph with 7 self-loops attached to the peripheral

vertices. Then E(Kq ,-1 & S), = v4n — 3.
Proof: Let r be the self-loops added to the graph V' —

{vo}. Then
O1x1 J1><(n—1)

A(K n—1® S r =
( tnt ) |:J(n—1)><1 I(WL—1)><(7L—1):| nxn
be the adjacency matrix of (K7 ,-1 & S),.

Let W =

2n? — 3nr — 2r

X .
v be an eigenvector of order n.

X
A A(Ky 0 ® 5), ] (Y> -

{ Xflxlexl*J1x(n—1)y(n—1)x1 } 2)
—Jn—1)x1X1x1 + (X = DItn—1)x(n-1)Y(n—1)x1]

Case I: Let Y =Y; =e; —e¢;,j =2,3,...,(n—1) and
X =0

From equation (2), —J(0) + (x — 1)IY; = (x — 1)Y;.

As there are (n — 2) independent vectors of the form Y,
x = 1 is an eigenvalue with multiplicity of at least (n — 2).

1
Case2: Let X =1and Y = (1), where x is any root
X —
of the equation

X’ =x—(n-1)=0.
From equation (2)),

xI(1) = Jix(n-1) (1)

x—1

- n—1

_X X_l .
14++/4n—3 and 1—+/4n—3
_rTvERT Y y = —Y - °

eigenvalues with multiplicity of at least one.
Thus the spectrum of (K ,—1 ® S), is
0 1+v4n—-3 1—+4n—3
2 2
n—2 1 1
SO, E(Kl,(n—l) D S)T =V 4n — 3. |
Theorem 3.4: Let K;,, ® S be partial complement of
complete bipartite graph with partites V; and V5 of | and
m vertices respectively and r be the number of self-loops
attached to any one of the partite. Then
E(Kim®S)r=n—2+12—-4(1—1—1m).

PmoﬁLetA(Kl,m@S),.:[BM sz} be the

So, x = are the

mel Imxm
adjacency matrix of (K, ®S), with r self-loops.

Let W =

Consider

X\ _ [(x+DI-DX-Jy
(X! — A(Kjm ® S)r) (Y> = [ X_JX_|-(X—1)IY ]
3)

))i be an eigenvector of order n =1 + m.

Case 1: Let X = Ojx; and ¥ = ¢; —¢; =
2,3,...,m.

Then, from equation 3] —J(0) + (x — 1)IY; = (x — 1)Y.
So x = 1 is the eigenvalue with the multiplicity m — 1 since
there are m — 1 independent vectors in Y =Y.

Case 2: Let Y = 01 and X = X; = e; —¢;,] =
2,3,...,L

From equation (3)), [(x + 1)I]X; = (x +1)X; .

So x = —1 is an eigenvalue with multiplicity of at least
(I —1) since there are [ — 1 independent vectors of the form
X;.
Case 3:Let X =1,and Y = (Xl1> 1,,, where x is any

j?j

root of the equation
X2 —Ix+ (1 —1—1Im)=0.
From equation (3)),

—J( 1) 1, +[=J + (x + DI

Y —

l

— (x+ D)1+ 11, — <m> 1,
x—1

_ =D+l —mily

= . .

l N2—4(1-1-1
sox = L YO T Tm)
I V(D)2 —4(—-1-ml)
X =-—

2
multinlicity of at least one. Thus the spectrum of partial
complement of complete bipartite graph is

and

are the eigenvalues with
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1 1 l+P [-P
2 2 )
m—1 -1 1 1

where P = /()2 —4(l — 1 — Im).
So, E(Klm@S)Tfnf2+\/l2

41 —1—1Im).
|
Theorem 3.5: Let (K, x2@®.S), be the partial complement
of Cocktail party graph with r self-loops to K.
Then E(Kx2 ® S), =2n —2+ y/n? +4(n —1)?
Proof: Let
0, Bnp

A(KTLXQ@S>T = |:B J :|
n "1 2nx2n

of (Knx2 @ S),, where B is the adjacency matrix of
complete sub-graph.

X
Let W = v
conformally with A(K, x2 ® S),.

be the adjacency matrix

be an eigenvector of order 2n partitioned

Consider
X\ xXIX +(J-1)Y
I = 4) (Y) = [(J DX+ od-ay| @
Case 1: Let X = X; = ¢ —¢;,5 = 2,3,...,n and
1
Y = —Xj, by substituting in equation we get y = —1
and y = 1 are the roots with the multiplicity of at least
(n — 1), as there are n — 1 eigenvectors of the form X.
1n
Case 2: Let X =1, and Y = (JX I) where x is any
root of the equation, x? — ny — (n — 1)% = 0.

From equation (),

—X

- I—J)—=1
(= D+ (= D) 7251,
_ (=1 —x(x=mn)\,

(J =1 "

2 —1)2
ThusX:nJr nJ;Zl(n ) and
n—/n?+4(n—1)2

X = > are the eigenvalues with multi-
plicity of at least one. Therefore energy of K,,»2® S with r

self-loops is E(Kpx2 @ S)r =2n— 24 /n2+4(n—1)2

Theorem 3.6: Let K;,, & S be partial complement of
complete bipartite graph with partites V; and V, of [ and
m vertices respectively and r self-loop consists of p vertices
of V1 and ¢ vertices of V5. Then the characteristic polyno-
mial of [(Kim ® S)rx] = (x + D)FHa2ymr=b(y —
1)m=a=D(x* + (1—q—D)x>+ (p—1—Im+1lg+pg—p* —
Dx2+(I+q+2lm—Ip+2lg+mp—2pq—Ip* +12p—1q> —
2mp? + 2p%q + 2lmp +1mq —Ipg—1)x +1—p—Im—Ip+

lg+mp —pg—Ip? +12p —1q® — 2mp? + pg® + 2p%q + p? —
P°q* + Ipg® + mp®q + 2mlp + Imgq — 2lpg — mpq — Impq).
Proof: Let AK,,m, @ S =
(J - I)pxp Opx(lfp) Opxgq Ipxm—q
Ou-pyxp  Ju—p)xa-p (t-p)xq  Ja—p)x(m—q)
qxp gx(1—p) axq gx(m—q)
Jm-qyxp  Jm-ayxt-p)  Om-pyxqg  Lm—aq)x(m=a)/ nxn

Consider |xI — A(Kim & S)r|.
On performing row operations R, — R;
2,3,...,(p=1),(p+1),...,

— Riy1,1 =
(lfpfl)a(l7p+1)7---a(q7
1),(¢g+1),...,(m — g — 1). And column operations C; —>
CitCici+...+Cr,i=(m—q),(m—q—1),...,(¢+2),
C], —)Cj-i-ijl+...+Cl,p+1,j=q7q—1,4..7(l—p+2),

Cly — Cp+Cy1+...+Cpr1,w=1—p,l—p—1,...,(p+2)
and C. — C, +Cr1+...+C1,2z = p,p—1,...,2 on
IxI — A(Kin—1® S)r|, we get
IXI = A(Kin—1 @ S)e| = (x + DPF2 ()P (x -
1)(m=9=Y det(B).
‘We have,
X*(gfl) 0 l 0 f(l(+mf)q)
_ X+p— —q —\m—-=q
det(B) = 0 —(-p) x—-(g—1) 0
—p —(l—p) 0 (x—1)

which is on expansion leads to the polynomial
(" (L=g=0x*+ (p—1—Im+1g+pg—p* = )X’ +
(14 q+ 2lm — Ip+ 2lqg +mp — 2pq — Ip* + 1®p — 1¢® — 2mp® +
2p%q 4 2lmp +Imqg —lpg — V)x +1—p—Im —Ip+1lg+mp —
—1p* +Pp —1g* — 2mp® + pg® + 2p°q + p* — p*¢* + Ipg® +
mp>q + 2mlp + lmq — 2lpg — mpq — lmpq).
Therefore the characteristic polynomial of partial complement of
complete bipartite graph is,
[(Kim @ 8)r, x] = (x + 1) 2x 07Dy — 1)0mma (ot 4
(1—q—0)x’+(p—I—Im+lg+pg—p> —1)X" + (I+-q+2lm—Ip+
2q+mp—2pq—Ip* +12p—1q* —2mp* +2p° ¢+ 2mp+Iimq—Ipg—
D)x+1—p—Im—Ip+lg+mp—pg—Ip* +1*p—I1q* —2mp* +pg°* +
2p° q+p* —p*¢* +lpg® +mp* g-+2mip+-lmg—2lpg—mpg—lmpq).
|
Theorem 3.7: Let (SY @ S), be the partial complement
of a crown graph with 7 self-loops attached to one of the
partites of V.= {Vi,Va}. Then E(S? @ S), = 2v2(n —
1) ++/n2 —4(n—1)(2 —n).
Proof: Let

J—-1),
cency matrix of (SY & S),.
Let W =

Consider

(XI—-A(G®S),) (é) _ [[(X-F NI - J1X

*(J - I)n

be the adja-
(Dn !

:| 2nX2n

be an eigenvector of order 2n.

—(J - I)YJ
—-nny |-
5)

X
Y
(= D)X +[(x

-1
n ) 1,, where y is
x—1

Case 1: Let X =1, and Y = (

any root of the equation
x> —nx+(n—1)(2-n)=0.

From equation (©),
(x+1)I—J)1, —

(x+1—-n)-—

2 an—1)(2—
Thusx:nJr\/n (n —1)(

2
_ 2 — 1 2 —
x = n—yn?—4n-12-n) are the eigenvalues with

2
multiplicity of at least one.
Case 2: Let X = X; =¢e; —

Y = —
x—1

€j,j =2,3,...,n and

X2 —2=0.
From equation (),
J—1 1
NI—-J)X,; — 1 X, = 1) — ——| X,.
(o= (727 ) % = [k 1 = | %

Hence Y = /2 and y = —+/2 are the eigenvalues each
with multiplicity of at least (n — 1) as there are (n — 1)
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eigenvectors of the form X;.
Thus the spectrum of partial complement of crown graph
with self-loops is

n+P n-—P
2 -2
V2 V2 2 2 s
n—1 n—1 1 1

where P = /n2—4(n—1)(2—n) and its energy is
ESS®S), =2v2(n—1)+/n2—4(n—-1)2—n). A
Theorem 3.8: For a partial complement of friendship
graph (F,, ®95),. with r—self-loops to its peripheral vertices.
Then, E(F,, ® S), =n+2y/n — 3.
Proof: Let the adjacency matrix of (F,, & S), is

O1x1 Jixz2 Jixe J1x2
Jax1 Jaxz  Oaxo O2x2
AF, ® S), = |f2x1 Oax2 Jaxo O2x2
Joax1 O2x2  Oaxo Jaxo

r—1
772 41

The characteristic polynomial of (F,, @ S), is given by

xI — A(F,®S5),| =

xI —Jix2 —Jix2 —J1x2
—Jox1 (X — J)2x2 O2x2 02x2
—Jax1 O2x2 (xI — J)2x2 02x2
—Jax1 02x2 O2x2 (xI — J)2x2

Step 1: Applying row operation R; — R, — Rjy,, for
i=23,..., (% ~1)and C; — C; + Cimq + ...+ Oy
for i = ("T_l) , %"—_1 — 1) ,...,5 on the above determinant,
we get |xI — J|“= ~'det(B).

Step 2: Further simplification leads to the polynomial
[(x—1)? =117 (x* — 2x% + x(n — 1)).

Hence the spectrum of partial complement of friendship
graph with r—self-loop (F,, ® S), is

0 2 1-yvn 1+yn
n—1
5 1 1
So, E(F,, ® S), =n+2y/n—3. [

IV. CONCLUDING REMARKS

The energy of a graph with self-loops is one of the
emerging topic within graph theory. Graph energy has so
many application in the field of Chemistry, Physics and
Mathematics. In this article, we have derived energy of partial
complement of some standard graphs with self-loops and
bounds for the same.
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