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Dynamic Behaviors of a Non-autonomous
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Abstract—China’s birth rate has declined, but its mortality
rate has risen year after year due to the new coronavirus
pandemic. Using the new coronavirus pandemic as a feedback
control variable, we proposed a new non-autonomous single-
population feedback control model in which the feedback
control variable reduces the population’s birth rate while
increasing the population’s mortality rate. We determined
sufficient conditions for the persistence, extinction, and global
stability. The analytical results are then compared numerically
with relevant examples.

Index Terms—species, feedback control, global stability, new
coronavirus pandemic

I. INTRODUCTION

EEDBACK control ecosystems, where feedback mecha-
nisms play a crucial role in regulating the dynamics and
stability of the ecosystem, have received significant attention
from researchers and scientists in recent years ([1]-[43]).
Gopalsamy and Weng [23] investigated the following
single-species feedback control ecosystem considering logis-
tic growth with a delay.

arn(t) + aan(t — 1)
D ),

n Tn[l —

U —au(t) + bn(t).
They determined the sufficient conditions for the global
attractivity of the interior equilibrium of (1).

Fan et al. [32] analyzed a non-autonomous, time-delayed
periodic feedback control system and established an exis-
tence criterion for the interior equilibrium. Later, Chen et al.
[24] explored the persistence of the general non-autonomous
case in [32]. In the context of stage structure, Y. Z. Yang [22]
proposed a single population feedback control model and
explored the existence of positive periodic solutions. Chen et
al. [25] revisited the persistence of the positive equilibrium
for the general non-autonomous case in [22]. Their study
revealed that the feedback control variable has no impact
on persistence, but it negatively correlates with population
density. Using numerical simulations, they demonstrated that
the density of the population decreases as the feedback
control variable increases, which increases the likelihood of
population extinction. Using human stocking as a feedback
control variable, Yue [35] proposed for the first time a
single-population model with positive feedback control and
observed that a limited stocking may not help to control
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the population’s extinction. However, a sufficiently large
stocking could help the population continue to survive. This
highlights the potential efficacy of positive feedback control
as a crucial approach to prevent species extinction. In the
context of discrete systems, Li and Zhu[33] investigated the
positive periodic solution of a discrete system with feedback
control for a single species. Later, Chen[34] presented the
sufficient conditions for the permanence of the model. Across
various terrestrial and aquatic species, a positive associa-
tion exists between population size and individual fitness,
commonly referred to as the Allee effect. Any species may
exhibit the Allee effect in particular circumstances because
low population density can make it difficult for endangered
species to locate mates. Considering the fact Zhu et al.[2]
proposed a single-species system combining feedback control
and the Allee effect and demonstrated Bogdanov-Takens and
saddle-node bifurcations.

Human capture or release is considered the feedback con-
trol variable in all of the feedback control models discussed
above. But in reality, it is not always necessarily the capture
rate to be the control variable. Fear of predation risk is one of
the significant factors associated with the predation process.
The prey population dynamics are more affected by indirect
interaction with a predator than by direct killing. Prey often
compromises with their food source and foraging strategies,
affecting their community growth by lowering the fertility
rate in the long run. Experimental results on the impact of
predation risk on prey reproduction were reported by Zanette
et al. [44], Elliott et al. [45]. Considering the impact of
fear on prey reproduction, several exciting works have been
proposed in recent years [47], [48], [49], [50]. However, in
a recent experiment on snowshoe hares, MacLeod et al. [46]
revealed that the fear induced in the prey due to predation risk
could also be lethal in wild animals. Such lethal scenarios of
fear have also been observed recently in the human commu-
nity. The new crown pneumonia, also known as COVID-19,
has had a significant negative impact on the daily lives of
individuals in the last few years, particularly in China. During
2022, the annual birth population was 9.56 million, whereas
the death population reached 10.41 million, resulting in a
decrease of 85 million from the year-end. According to the
National Bureau of Statistics of China, at the end of the year
2023, the population of China was 1,409,670,000 individuals,
which is 2,080,000 individuals less than that at the end of the
previous year. The annual births amounted to 9.02 million,
yielding a birth rate of 6.39 per thousand. Meanwhile, there
were 11.1 million deaths, resulting in a mortality rate of
7.87 per thousand. Consequently, the natural population
growth rate stood at —1.48 per thousand. In response to
population decline, certain cities in China initiated campaigns
to promote multiple births. Several factors contributed to
the decline in the birth population, with one factor being
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associated with the COVID-19 pandemic. The pandemic has
heightened feelings of insecurity and uncertainty about the
future, leading families to hesitate about future fertility and
diminishing people’s desire to have children. The COVID-
19 pandemic has directly or indirectly lowered the income
of family members, exacerbating the impact of childcare
costs on fertility. During the outbreak, there were many
enterprises, tiny and micro-enterprise units, which not only
affected the income of family members but also increased
the conflicts between work and family responsibilities, in-
creasing childbirth panic or fear. Of course, some people
worry that these routine services, such as maternal care,
maternal inspections, and so on, will be affected during
the epidemic. These factors prompted many individuals to
choose to postpone or even cancel birth plans. Moreover, the
mortality rate was somewhat increased by the absence of a
timely response program and the strain on medical resources
during the initial stages of the new coronavirus outbreak. The
combination of underlying severe diseases, such as malignant
tumours, kidney failure, etc., being infected with the new
coronavirus can worsen their condition, resulting in higher
mortality rates. Recently, Yue and Chen [38] proposed a
new single-population feedback control model using the new
crown epidemic as the feedback control variable as follows:

dz a

— = —— — b(1 + kou) —

dt x(l—!—klu (1+ ko) Cx)’ o
dl — _|_f

i eu x.

where u represents the feedback control variable. In the
system (2), the birth and death rates of the species were
assumed by incorporating the fear effect. The birth and death
rates were presented by the terms 1 a4 " and b(1 + kou),

where k1, ko represents the strengths of 1fear. Such assump-
tions came from recent works on predator-prey systems with
fear effects on prey species[28]-[31]. System (2) possesses
only one globally asymptotically stable positive equilibrium,
unaffected by the feedback control variable in a species
where the reproduction rate is greater than the extinction rate.
However, the ultimate density of the species decreases with
increasing feedback control. In the system (2), for a > b, the
system admits a unique positive equilibrium that is globally
asymptotically stable, while for the case a < b, the system
will be driven to extinction.

It is well known that the human environment is constantly
changing over time. Hence a suitable system needs to assume
that the coefficients of the system are time-varying, which
inspires us to explore the following non-autonomous system:

ij—j = x(%—b(t)(l—kkz(ﬂu)
—c(t)x), 3)

du

W~ etut S

Now, for a continuous and bounded function, we let f! =
infier f(t) and f* = sup,cp f(t).

The system (3) is biologically feasible under the following
assumption:

(Hy) a(t), k1(t), ka(t),c(t),e(t) and f(t) are all contin-
uous and strictly positive functions that meet

T BN AN N B B
mln{a’ >k1’k2ﬂc , € 7f } > 07
max{a®, ki, k3, c", e", f*} < +o0.

The objective of this study is to examine the dynamical
behaviours of the system (3). Including time-dependent pa-
rameters distinguishes our research from previous studies,
thus introducing a novel aspect to our model.

This paper is arranged as follows.

The persistence of the proposed model is analyzed in the
following section. Section III deals with the results related
to the extinction of the system. In Section IV, the global
attractivity of the system is explored by constructing an
appropriate Lyapunov function. Numerical simulations are
conducted in Section V to demonstrate the viability of the
primary findings. Finally, the key findings of this study are
summarized in Section VI

II. PERMANENCE

In feedback control models, persistence indicates that the
species’ population remains within a viable range, neither
growing excessively nor declining to extinction. This helps
predict the species’ resilience to environmental changes and
design effective management strategies for conservation and
population control. The following theorem is an outcome of
the persistence of system (3).

Theorem 2.1. Assumes that
!

a
— > (1 + kY M- 4
1+k11tM2 > ( + 2 2) ( )

holds, where
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e

then system (3) is permanent.
Proof. It is implied by condition (4) that the following
inequality holds for sufficiently small € > O:

al

1+ k4 (My+¢)

Using the system (3)’s first equation, one has

de a(t)
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For € > 0 which satisfies inequality (5), from (7) there exists
Ty > 0 such that

a® — bt

cl

z(t) < +¢ for all t>1Ty. (3)
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For ¢ > T1, one has the following from the second equation
of (3) and (8)

du

5 = —e(t)u+ f(t)z
I ©)
a* —b
< —cu+ f“( — + E)
Thus,
N at — bl
. f ( Cl +5) def
limsup u(t) < ; = M. (10)
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Since ¢ is arbitrary small positive constant, setting € — 0 in

(10) results in
. a¥ — bl
< ! ( c! )

limsup u(t) < ;
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(1)

For € > 0 which satisfies inequality (5), there exists To > T}
from (11) such that

r(2),

el

u(t) < e Myte tor all t>Ty. (12)

From the first equation of the system (3), one has

dx a(t)
— = ————— —b(1 + ka(t)u) — c(t
dt x(l—i—kl(t)u (14 ka(tyu) = n)
!
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Given an arbitrary small positive constant € > 0, taking the
limit as € approaches 0 in equation (15) results in:

. A def
> = .
i) 2w = m (49
where
Y
T 1+ kYM, (1+ k5 Mp).

For €; > 0 small enough, without loss of generality, we may

assume that ¢ <

3 — from (15) there exits a T3 > T such
C
that

A
x(t) > i for all t> Ts. (16)

Based on the second equation of equation (1.9) and equation
(2.12), the following relationship holds for time greater than
15,
du
il —e(t)u + f(t)z.
a7

> —e“u—i—fl(céu —61).

Hence,

A
lim inf u(t) > m

t——4o00 e

(18)

Given that ¢ is a positive constant with infinitesimal value,
taking the limit as €; approaches zero in equation (18) results
in .

A q
S A det (19)

lim inf u(t) >
t——+o0

ctet

Equations (7), (11), (15), and (19) provide evidence that,
given the premise that equation (4) is valid, the system
exhibits permanence. The proof of Theorem 2.1 is concluded

at this point.

III. EXTINCTION

This section aims to investigate the parametric conditions
associated with the extinction of the system. More precisely,
we prove the following theorem.

Theorem 3.1. Assumes that

av < b, (20)
then system (3) extincts, i.e.,
t£+moo$(t) =0, tL1+mOO u(t) = 0. (21)

Proof. By considering the first equation in the system (3), it
can be observed that

% - x(% —b(1 + ka(t)u) — c(t)x)
< :c(a(t) —b(t) — c(t)x) (22)
< x(a - bl).
Hence, it follows from (20) that
z(t) < z(0)exp{(a® — ')t} - 0 as t — +oo.  (23)

For ¢ > 0 enough small, from (23) there exists a 75 > 0
such that

z(t) <e for all t > Ts. (24)

Based on the second equation of equation (3) and equation
(24), it may be concluded that for ¢ > T5.

du
- = —e(t)u+ f(t)x. 25)

—elu + fle,
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and so,
Je

t——4o00 6

limsupu(t) < — (26)
Since ¢ is arbitrary small positive constant, setting € — 0 in
(26) leads to

lim sup u(t) < 0.

t——+oo

@7

On the other hand, based on the positivity of the solution, it
can be inferred that

lim inf u(t) > 0.
t——+oo

(28)
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(27) combine with (28) leads to

lim w(t) =0.

t—+o0 29
Equations (23) and (29) demonstrate that, given the premise
that equation (20) is valid, the system will become extinct.
The proof of Theorem 3.1 is concluded at this point.

IV. GLOBAL ATTRACTIVITY

In this section, we will explore the problem of global
attractiveness of the positive solutions of the system, and
in fact, we obtained the following result.

Theorem 4.1 Let (z*(t),u*(t)) be a bounded positive
solution of system (3). If

l

a
—— > b"(1 + k¥ M- 30
1+I€7fM2 ( + 2 2)7 ( )

l a‘ukﬂlt ULU
> —— + bk 31
e (L4 Ky )2 + 07Ky (€29)
and
d > fu (32)

hold, the variables mo and My are specified by equations
(10) and (19) correspondingly. Then (z*(t),u*(t)) exhibits
global asymptotic stability.

Proof. The condition expressed in inequality (31) indicates
that, for a sufficiently small positive constant ¢ > 0,
it is possible to assume, without loss of generality, that
€< %min{mg,ml}. Under this assumption, the following
inequality is valid.

i a“k
(14 K\ (ma —€))

S+ bk (33)

Consider the solution (x(t),u(t))” of equation (3) with a
positive initial value. It may be deduced from condition (30)
and Theorem 2.1 that, given any positive value of e, there
exists a positive value of 7' such that for all values of ¢
greater than or equal to 7T,

my —e < z(t), z*(t) < My +e,
me —e < z(t), z*(t) < My + €.

(34)
Let us consider a Lyapunov function that is defined by

V() = | In{z(t)} —In{z* ()} + |u(t) —u*(t)], £ > 0. (35)

We are now estimating and computing the upper right
derivative of V(t) along the system (3) solutions for ¢ > 7.

Applying (34) yields the following results:
DTV (t)

) a(t)
= sgn(a(t) — z*(t)) [ T It k() ()

+0(1) (1 + ko (t)u™ (1)) — b(t)(1 + ka(t)u(t))

a(t)
1+ ky(t)u(t) +

+sgn(u(t) — u”(t)) {6(t)U*(t) — f)z* (1)

Fsgn(u(t) —ut(6) | - e(t)(u(t) - u* (1))
() (@(t) — 2 (1))]

< —Agfz(t) — 2 ()] — Azfult) —ur(B)],
(36)
where
A1 = Cl - fu > 0,
uLu 37
Ay = el - L Y

(14 Kl (ma —€))

For ¢ > T, one thus has
DV () < —p(Jo(t) = 2*(0)] + lu(®) —w*(@)]),  G8)

where ¢ = min{A;, Ay}. Performing integration on both
sides of equation (38) with respect to the variable ¢ across
the interval from 7" to ¢ yields

Vi [ () )+ )~ o) s

T
<V(T) < 400, t>T.

Then, for all t > T,

/ t (I(s) =" ()| +u(s) —u*(s)] ) ds < p™V(T) < +ox,

T

and hence,
() — ()] + |u(t) — u*(t)| € L'([T, +00)).

The fact that 2*(¢) and u*(t) are bounded, and that x(¢) and
u(t) are ultimately bounded, implies that the derivatives of
x(t), z*(t), u(t), and u*(t) are all bounded for ¢ > T, as
indicated by the equations that govern their behavior. Conse-
quently, it may be inferred that |z(¢) — x* (¢)| + |u(t) — u*(t)]
is uniformly continuous on [T, +00). Thus, by Barbilat’s
Lemmal[37], we have

Jim (|a:(t) — 2 ()] + Ju(t) — u (t)|> —0.

The proof is completed.
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V. NUMERIC SIMULATIONS

In this section, we conducted numerical simulations to
compare the analytical findings of the system (3). Let us
examine the subsequent three illustrations.

Example 5.1

de 1+ 3 cos(t)
a x(1+(2+sin(t))u
—2(1 + (1 + 0.3 cos(t))u) — 2;1;)95, (39)
du
o —u+T.

In accordance with the system (3), we adopt a(t) =
1+ Lcos(t),b(t) = 2,ki(t) = 2 +sin(t),ko(t) = 1 +
0.3cos(t),c=2,e = f =1, then,

3

=" <2=10,
“ 73

hence, it follows from Theorem 4.1 that the system is extinct.
Fig. 1 and 2 support this assertion.

Example 5.2

o 2
dt 1+ (0.2 +0.1sin(t))u

—(1+ (0.2 + 0.1 cos(t))u) — x) (40)
du
i —2u—|—%glc7

In accordance with the system (3), we adopt a(t) = 2,b(t) =
1,k1(t) = 0.2 + 0.1sin(¢),k2(t) = 0.2 + 0.1cos(t),c =
l,e=2f= %, then,

Cll

————— & 1.86 > 1.075 = b"(1 + kg M- 41
1 T k%MQ > ( + 2 2)7 ( )
l auknf U 7,U
e =2>02TT —— + b“k3, 42)
L+ ma)? "
and 1

All the conditions of Theorems 2.1 and 4.1 are satisfied, so
the positive solution of system (40) is globally asymptotically
stable. Fig 3 and 4 support this assertion.

Example 5.3

dx ( 2
e s R
dt 1+ (3 +sin(t))u
~(1+ @+ eos()u) — ), @)
d
d—ltt = —u+ 2z,
In accordance with the system (3), we adopt a(t) = 2,b(t) =
1, k1 (t) = 3+sin(t), ko(t) = 3+cos(t),c=1,e=1, f =2,
then,
d=1<2=f" (45)

That is, if condition (32) in Theorem 4.1 does not hold, we
have no idea what the stability property of this system is,
however, numeric simulations (Fig 5 and 6) show that in

this case, the positive solution of system (44) is globally
asymptotically stable.

Example 5.4

dx 3

ar _9(1 _

dt x(l—&—u (1+u) x), 46)
du

M 3+ Seos)u+ (3~ hsin(0)a,

In accordance with the system (3), we adopt a(t) = 3, b(t)

2,k1(t) = Lks(t) = L,e=1e =3 — Isin(t), f = 3 +
1 cos(t), then, by simple computation, we have M, = 2, and
o =1<6=0"1+kVM,) 47

L+ kiM, - 2

In this case, condition (4) in Theorem 2.1 is not satisfied,
we have no idea what the persistent property of this system
is. However, numeric simulations (Fig 7) show that in this
case, system (47) is permanent.

VI. DISCUSSION

In recent years, China’s newborn population has dropped
sharply. In contrast, population deaths have increased yearly,
a large part of which is caused by the epidemic, which
inspired us to use the coronavirus as a feedback control
variable and put forward a system (3). We explored dynam-
ical behaviours such as system persistence, extinction, and
global attractiveness of the proposed system analytically and
numerically. We obtained sufficient conditions for the global
stability and persistence of the proposed system. Figures
5 and 6 demonstrate although the conditions for global
stability are not satisfied, the system may exhibit globally
stable dynamical behaviour, i.e., it may have a large basin of
attraction. Numerical results also revealed that although the
persistence conditions are not satisfied, the system may be
persistent (Figure 7). These two numerical results indicate
that our results (Theorem 2.1 and 4.1) still have scope for
improvement. However, with the current research method,
it isn’t easy to obtain more in-depth results. In the present
study, the stability of non-autonomous systems is mainly
studied by constructing Lyapunov functions, which makes
it impossible to produce results that are too precise. Suppose
we do not explore the stability of the system and instead
study the more realistic topic, such as persistence property.
In that case, we may be able to come up with the following
conjecture: condition a’ > b* is enough to ensure the
persistence of the system. We will explore this issue further
in a subsequent paper.
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