
 

  

Abstract — The utilization of a Memristor in a chaotic circuit 

paves the way for random number generation. Across other 

research, authors detected, through simulation tools, the 

presence of monofractal/multifractal behavior of a memristor-

based random number generation. Despite the novelty of the 

finding, the logical step to follow requires the hardware 

implementation of the memristor and the chaotic circuit that 

uses it to investigate the details, limitations, and difficulties not 

contemplated in the advanced simulations. In light of this 

objective, this article systematically reviews five memristor 

emulator circuits, comparing them in terms of cost and 

frequency of operation. This study proposes a memristor 

emulator circuit that uses a wave rectifier based on operational 

amplifiers as a nonlinear element. This memristor and a 

corresponding reference unit were utilized in a hardware 

implementation of a chaotic Chua-based circuit. The 

modifications that are made in conjunction with the 

measurements made in the laboratory provide evidence that the 

chaotic system obtained satisfies the essential conditions to be 

used in a future generator otherwise implemented in hardware 

that exhibits monofractal/multifractal behavior. 

 
Index Terms— Attractor, Chaotic Circuit, Emulation, 

Entropy, Hardware, Memristor. 

I. INTRODUCTION 

N electric circuits, four basic variables are normally used: 

current (𝑖), voltage (𝑣), magnetic flow (𝜙), and electric 

charge (𝑞). These variables are used in the definition of the 

three passive elements (resistance, capacitance, and 

inductance) and the expressions of current in terms of charge 

or voltage in terms of magnetic flow. Nonetheless, no 

expression relates flow and charge through passive elements 

[1]. In 1971, Chua analyzed the lack of an expression that 

establishes a relationship between these two variables. As a 

result, the author proposed a fourth passive element called the 

memristor, whose behavior marks this relationship [2]. 

The name of the memristor is derived from its being 

resistance to memory, and the relationship between the 

magnetic flow and the electric charge is characteristically 

nonlinear, which sets it apart from other passive elements.  
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This can be observed on the 𝑣 − 𝑖 plane. The variable 

controlling the memristor's behavior, there are two possible 

classifications. Equation (1) describes when the charge 

controls the voltage, and (2) expresses when the flow controls 

the current. 

 

𝑣(𝑡) = 𝑀(𝑞(𝑡))𝑖(𝑡) 

𝑀(𝑞) =
𝑑𝜙(𝑞)

𝑑𝑞
 

(1) 

   

 

𝑖(𝑡) = 𝑊(𝜙(𝑡))𝑣(𝑡) 

𝑊(𝜙) =
𝑑𝑞(𝜙)

𝑑𝜙
 

(2) 

 

𝑀(𝑞) and 𝑊(𝜙) are respectively measured in Ohm (𝛺) 

and Siemens (𝑆), with positive values (over zero), and are 

known as incremental memristance and incremental 

conductance. Chua proposed three intrinsic properties of the 

memristor that serve as identification criteria, evidenced in 

the 𝑣 − 𝑖 plane with a sinusoidal input signal to determine 

whether a device is a memristor. 

 

1. A pinched hysteresis loop must be set in the 𝑣 − 𝑖 plane 

that corresponds to an incremental memristance that 

goes through the origin. The current and the voltage are 

only equal at the origin. 

2. A reversely proportional relationship must be 

established between the input signal frequency and the 

area of the pinched hysteresis loop lobes. 

3. The increase in the input signal frequency should lead 

to a progressive loss of the non-linearity of the device, 

making it behave like a regular resistor. 

 

Despite establishing certain features of the memristor, the 

research made by Chua served as a conceptual tool, given that 

a device with these characteristics had not been discovered. 

The idea consisted of emulating its behavior through mutator 

circuits [2]. It was not until 2008 that the first passive device 

with memristor characteristics was presented by HP Labs, 

based on a structure comprised of nanoscopic TiO2 sheets 

with platinum electrodes. The proposed structure is described 

in Fig. 1. 

 
Fig. 1. Memristor structure from HP Labs (Redrawing based on [3]) 
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Equation (3) describes the voltage over the memristor in 

terms of the doped region width 𝑤(𝑡) determined by the 

charge. 

 

 
𝑣(𝑡) = (𝑅𝑂𝑁

𝑤(𝑡)

𝐷
+ 𝑅𝑂𝐹𝐹(1 −

𝑤(𝑡)

𝐷
) )𝑖(𝑡) 

𝑤(𝑡) = 𝜇𝑉
𝑅𝑂𝑁
𝐷

𝑞(𝑡) 

 

(3) 

 

The expression of memristance can be simplified, 

particularly considering that 𝑅𝑂𝑁<<𝑅𝑂𝐹𝐹, resulting in (4). 

 

 
𝑀(𝑞) = 𝑅𝑂𝐹𝐹(1 − 𝜇𝑉

𝑅𝑂𝑁
𝐷2

𝑞(𝑡)) 
(4) 

 

Although the proposition of HP Labs is a new passive 

element, it cannot be used in multiple applications given its 

high manufacturing costs, which makes it a non-

commercially viable product; this is the same case for 

memristors based on hafnium oxide 𝐻𝑓𝑂2 [3] or graphene-

based memristors. Consequently, emulator circuits need to be 

created using low-cost commercial electronics. 

Conversely, [4] designed and implemented a chaotic 

circuit using the memristor, evidencing the application of this 

as an RNG. While the utilization of the memristor for random 

number generation is not novel, the possibility of using it as 

a source of truly random numbers (because it is a nonlinear 

device sensitive to initial conditions) in conjunction with a 

versatile structure would allow adjusting the Hurst parameter, 

choosing mono-fractality/multifractality, or adjusting the 

width of the multifractal spectrum, such evidence had not 

been encountered within the studied literature. we uncovered 

an article that developed a founding for that theory [4].  

Specifically, in [4] the monofractal/multifractal, behavior 

of a memristor-based RNG was ascertained, and it was 

evidenced that it is possible to modify its characteristics and 

shown what could be done to achieve it. Nevertheless, in this 

research solely the equations that describe the behavior of the 

memristor were used in a simulation scenario, leaving open 

the expectation of the details, limitations, and difficulties, 

which brings an implementation in hardware. 

The goal of this work is to implement a hardware-oriented 

memristor circuit that meets the properties of memristance 

exposed in the literature and assess the performance of the 

memristor in a chaotic circuit that serves as an entropy source 

for the future implementation of a memristance-based 

random number generator. 

This work is organized into six sections: Section 2 

describes the emulation process of the memristor. Section 3 

details the proposed emulator circuit for the memristor. 

Section 4 describes the memristor-based chaotic circuits. 

Section 5 discusses the implementation of the memristor-

based chaotic circuit. Section 6 presents applications of the 

chaotic circuits. Lastly, Section 7 presents a set of 

conclusions on the overall work. 

II. MEMRISTOR EMULATION  

There are various techniques to emulate a memristor. 

Typically, however, emulation models are based on two basic 

structures. The first emulation model computes the integral of 

the input signal (voltage or current), passes it through a 

function that introduces the nonlinear nature of the 

memristor, and then computes the derivative, which is the 

output (voltage or current). The block diagram can be seen in 

Fig. 2. 

 

 
Fig. 2. First emulation model of the memristor (Redrawing based on  [1]) 

 

The second model carries out the same procedure as the first 

two blocks. Although, instead of computing the derivative of 

the resulting signal, it multiplies it with the input value to 

deliver the voltage or current output. The block diagram is 

presented in Fig. 3. 

 

 
Fig. 3. Second emulation model of the memristor (Redrawing based on  

[1])  

 

To identify the potential factors necessary for implementing 

memristor emulators using the models described earlier and 

in other contexts, we examined several references [5]–[9], 

focusing on the components utilized, operational parameters, 

and associated implementation expenses in US dollars. The 

ALTIUM schematic editing software is used, including its 

connection with vendor databases, to determine the 

availability and cost of the components needed in the circuits 

proposed by [5]–[9]. 

In [5], a grounded memristor is proposed that uses the 

model shown in Fig. 2 as the emulation structure. It 

implements a hyperbolic sinus function based on exponential 

amplifiers setting transistors as diodes and general-purpose 

amplifiers. This circuit can be seen in Fig. 4. 

 

 
Fig. 4. Memristor proposed in [5] (Redrawing based on [5]) 

 

Defining a range for the amplitude of the input signal is not 

feasible as the authors of [5] exclusively discuss tests 

conducted with a 1V input signal. However, they present a 

frequency sweep revealing the memristance behavior ranging 

from 3 kHz to 16 kHz. Equation (5) describes the expression 

of the resulting memristance. 

 

 
𝑅𝑚 = 𝑅𝑠 −

2𝐼𝐸𝑆𝑅𝐷
𝑖𝑖𝑛

𝑠𝑖𝑛ℎ (
𝑞𝑖𝑛
𝐶𝑉𝑇

) 
(5) 

 

Where: 

𝐼𝐸𝑆: Reverse-saturation current 

𝑉𝑇: Voltage Threshold  
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The simplification process of the memristance equation 

involves a hyperbolic sine function derived from its Taylor 

series, which results in the linear form of (6). 

 

 
𝑅𝑚 = 𝑅𝑠 −

2𝐼𝐸𝑆𝑅𝐷
𝐶𝑉𝑇

(
𝑞𝑖𝑛
𝑖𝑖𝑛
) 

(6) 

 

The authors [5] performed a simulation of the proposed 

strategy in PSPICE and implemented the memristor emulator 

in hardware form. This successfully proving the compliance 

of the characteristics of the memristor that were described. 

The total implementation cost is 19.29 USD. 

Similarly, [6] conceived an emulator based on the structure 

in Fig. 2 that uses an additional Current Feedback Operational 

Amplifier (CFOA) and involves a hyperbolic cosine function. 

The corresponding circuit is shown in Fig. 5. 

 

 
Fig. 5. Memristor proposed in [6] (Redrawing based on [6]) 

 

 The findings presented by the authors lack discussion on 

testing with input signals of amplitudes other than 1 V, thus 

precluding the definition of a specific range for the input 

amplitude. Concerning the frequency of the input signal, the 

authors assert that the emulator operates effectively within 

the range of 700 Hz to 3 kHz. 

 Equation (7) represents the expression for the memristance 

utilizing the hyperbolic cosine function. Similar to the 

previous instance, this equation can be simplified utilizing its 

Taylor series to yield a non-linear quadratic function, 

demonstrated in (8). 

 

 𝑅𝑚 = 𝑅𝑠 +
2𝐼𝑆𝑅1

𝑖𝑖𝑛
(𝑐𝑜𝑠ℎ (

𝑞

𝐶𝑉𝑇𝐻
) − 1)            (7) (

7

) 

 𝑅𝑚 = 𝑅𝑠 +
𝐼𝑆𝑅1

𝐶2𝑉𝑇𝐻
2 (

𝑞(𝑡)2

𝑖𝑖𝑛
)                      (8) (

8

) 

Where: 

𝐼𝑆: Reverse-saturation current 

𝑉𝑇𝐻: Threshold voltage 

 

The scheme proposed in [5] was simulated in PSPICE and 

implemented in hardware by the authors. The testing shows 

successful compliance with the memristor characteristics. 

The total implementation cost is 30.83 USD. 

The approach suggested in [7] employs the model depicted 

in Fig. 3, where the nonlinearity is depicted by a varactor 

diode with adjustable capacitance. A prior characterization of 

this component is necessary. Fig. 6 illustrates the circuit 

layout. 

The approximation used to characterize the varactor diode 

is the quadratic function, resulting in (9). 

 

 𝑊(𝜙) = 3𝜆𝜙2 + 2𝑘𝜙 + 𝜁 (9) 

 

 
Fig. 6. Memristor proposed in [7] (Redrawing based on [7]) 

 

The authors use a 0.3 V input signal throughout all the 

tests, with frequency variations between 4 and 9 kHz. The 

authors of [7] perform a simulation of the circuit in Multisim 

and implement it in hardware, confirming compliance with 

the memristor characteristics. 

It is impossible to determine the implementation cost given 

that the reference for the varactor diode used by the authors 

is unavailable from any vendor used in ALTIUM. This 

strategy can help determine how certain elements with non-

linear behavior can be used. 

In [8], the proposed memristor does not match any of the 

described models and is the simplest alternative since it only 

uses general-purpose operational amplifiers and a light-

dependent resistance (LDR) in an optocoupler serving as a 

non-linear function. The circuit is represented in Fig. 7. 

 

 
Fig. 7. Memristor proposed in [8] (Redrawing based on [8]) 

 

The LDR is restricted to a range in which the behavior can 

be labeled as linear, thus representing a linear inductance. 

Equation (10) presents the corresponding expression. 

 

 
𝑊(𝑡) = −0.3 (

𝑅9𝑅2𝑉𝑐𝑜𝑠(𝜔𝑡)

𝜔𝑅5𝑅3𝑅1𝐶1
+
𝑅9𝑉5
𝑅8

)

+ 0.11 

(10) 

 

The input signal range for the memristor emulator spans 

from 0.4 to 0.8 V, accompanied by frequencies ranging 

between 0.1 and 280 Hz. However, similar to the previous 

scenario, implementation is hindered due to the unavailability 

of the specified optocoupler as used by [8]. The authors 

conduct a simulation of the circuit in Multisim and 

subsequently proceed to its hardware implementation, 

demonstrating the successful operation of the memristor 

emulator. 

The work in [9] uses the structure of the model shown in 

Fig. 3 to effectively deliver a variable memductance based on 

analog multipliers and a quadratic function.  

 

The circuit is presented in Fig. 8. 
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Fig. 8. Memristor proposed in [9] (Redrawing based on [9]) 

 

The authors [9] use an input signal with an amplitude 

ranging from 1 to 4 V and a frequency between 100 Hz and 

2.2 kHz. The expression for the output memductance is 

presented in (11). 

 

 
𝑊(𝜙) =

1

𝑅𝛼
−

1

𝑅2𝐶2
𝑅𝛽1 + 𝑅𝛽2

100𝑅𝛼𝑅𝛽1
𝜙2(𝑡) 

(11) 

 

The authors [9] simulated with PSICE and a hardware 

implementation, confirming the correct behavior of the 

memristor emulator. The total implementation cost is 42.13 

USD. The comparison of the proposed alternatives is 

summarized in Table I; this includes the costs and operation 

ranges in terms of amplitude and frequency. 

 
TABLE I 

COMPARATIVE SUMMARY OF THE MEMRISTOR ALTERNATIVES. 
Proposal Cost 

(USD) 

Input amplitude 

(V) 

Frequency range 

(Hz) 

[5] 19.29 1 3000 to 16000 

[6] 30.83 1 700 to 3000 

[7] - 0.3 4000 to 9000 

[8] - 0.4 a 0.8 0.1 to 280 

[9] 42.13 1 a 4 100 to 2200 

 

While the approach presented in [9] may not be the most 

economical option, it provides a broad spectrum in both 

frequency and amplitude and facilitates the alteration of the 

memristor equation through a resistance-based array. 

Consequently, this strategy is selected as a benchmark for the 

development of the memristor emulation circuit. 

III. PROPOSED EMULATOR CIRCUIT OF THE MEMRISTOR 

Before constructing the memristor emulator circuit, a 

reviewed circuit was selected to form the basis of the 

proposal, opting for a known structure previously employed 

for such purposes. The reference circuit from [9] was chosen 

and is detailed in Fig. 8. 

Equation (11) corresponds to the resulting memductance 

expression, defined by the values of potentiometers, 𝑅α, 𝑅β1, 

and 𝑅β2, whose purpose is to deliver a voltage level suitable 

for the OP AMP and multipliers. The value of the components 

used by the authors of [9] can be seen in Table II. 

The strategy discussed in [9] features blocks corresponding 

to the emulation model of Fig. 3. The non-linear function 

used by the authors is a quadratic function based on analog 

multipliers. To build the emulator, the non-linear function 

block is required to be changed. 

 
TABLE II  

CIRCUIT COMPONENTS USED IN [9]. 

Component Value 

R 1.5 𝑘Ω 

C 47 nF 

𝑅α 1.5 𝑘Ω 

𝑅β1 3 𝑘Ω 

𝑅β2 36 𝑘Ω 

 

This paper suggests employing a full-wave rectifier as a 

nonlinear function, a choice not explored in the referenced 

literature. This solution can be realized using a general-

purpose operational amplifier (OP AMP) and low-cost high-

speed commutation diodes. Fig. 9 illustrates the resulting 

circuit. 

 

 
Fig. 9. Full wave rectifier (non-linear function). 

 

The expression for the resulting memductance can be 

obtained by establishing a relationship between the emulator 

voltage and current in the form of (12). 

 

 
𝑖𝑚(𝑡) =

𝑑𝑞

𝑑𝑡
=  
𝑑𝑞

𝑑𝜙

𝑑𝜙

𝑑𝑡
= 𝑊(𝜙)𝑣𝑚(𝑡) 

(12) 

 

This is made possible with the resistance 𝑅𝛼, as seen in  

(13). 

 

𝑖𝑚 =
𝑣𝑚 − 𝑣𝜔1

𝑅𝛼
 (13) 

 

The integrator output is given in terms of the emulator 

voltage, resulting in (14). This voltage represents the flow in 

the form of (15). 

 

 
𝑣𝑥 = −

1

𝑅𝐶
∫𝑣𝑚(𝑡)𝑑𝑡 

(14) 

 
𝑣𝑥 = −

1

𝑅𝐶
𝜙(𝑡) 

(15) 

 

Equation (15) can be modified to represent the full-wave 

rectifier output in terms of the flow, resulting in (16).  

 

𝑣𝑓 =
1

𝑅𝐶
|𝜙(𝑡)| (16) 

 

The multiplier output has a 0.1 gain intrinsic to the device. 

This equation is given regarding the emulator voltage, the 

rectifier output, and the voltage on port z. The resulting 

expression is presented in (17). 

 

 𝑣𝜔1 =
𝑣𝑚𝑣𝑓

10
+ 𝑣𝜔2 

(17) 
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The voltage 𝑣𝜔2 is a fraction of the multiplier output, given 

in terms of the resistances 𝑅𝛽1and 𝑅𝛽2, as seen in (18). 

 

 
𝑣𝜔2 =

𝑅𝛽2

𝑅𝛽1 + 𝑅𝛽2
𝑣𝜔1 

(18) 

 

Replacing (18) in (17) results in the multiplier output in 

(19). 

 

 𝑣𝜔1 =
𝑣𝑚(𝑅𝛽1 + 𝑅𝛽2)

10𝑅𝛽1𝑅𝐶
|𝜙(𝑡)| (19) 

 

This can be used in (13), leading up to an expression of the 

memductance stemming from the relationship between 

voltage and current, presented in (20). The memorability of 

the emulator can be expressed in the form of (21). 

 

 𝑖𝑚 = 𝑣𝑚 (
1

𝑅α
−

𝑅β1 + 𝑅β2

10𝑅α𝑅β1𝑅𝐶
|ϕ(𝑡)|) (20) 

 𝑊(ϕ) =
1

𝑅α
−

𝑅β1 + 𝑅β2

10𝑅α𝑅β1𝑅𝐶
|ϕ(𝑡)| (21) 

 

In order to verify that the proposed emulator aligns with 

the characteristics of the memristor, the circuit undergoes 

simulation in Multisim with a sinusoidal input of 4V. The 

frequency of the input signal is varied, allowing observation 

of the v-I curv’'s behavior. Fig. 10 encapsulates the results of 

these tests. 

Fig. 10 concludes that there is compliance with the first 

characteristic of the memristor given the appearance of a 

pinched hysteresis loop in the 𝑣 − 𝑖 plane. The increase in 

frequency causes a reduction of the lobe area within the 

pinched hysteresis loop, showing a more linear behavior and 

complying with the remaining characteristics. The proposed 

memristor meets the previously described conditions for an 

emulator memristor. 

 

 
Fig. 10. v-i curves in the memristor with an absolute value function, with 

a frequency of (a) 4 kHz, (b) 8 kHz, (c) 15 kHz, and (d) 25 kHz. 

IV. CHAOTIC CIRCUITS BASED ON MEMRISTORS 

Utilizing the memristor implementation, one can construct 

a chaotic circuit for generating an entropy source. This entails 

examining the five circuits outlined in [4] to select an 

appropriate option for implementation. The evaluation of 

these five alternatives considers factors such as the type of 

memristor employed, the properties of the components 

utilized, and the component count [10]. 

 

A. Chaotic Circuit 1 

The circuit proposed by [11] is the simplest chaotic circuit 

given that it is comprised of three elements connected in 

series, as seen in Fig. 11. This circuit is the third-order system 

represented in (22), where the variables are the capacitor 

voltage (𝑣𝐶), the current through the inductor (𝑖𝐿), and the 

inner variable of the memristor (𝑥𝑆). 

 
Fig. 11. Chaotic circuit from [11] (Redrawing based on [11]) 

 

 

{
 
 

 
 𝐶

𝑑𝑉𝐶1
𝑑𝑡

= 𝑖

−𝐿
𝑑𝑖

𝑑𝑡
= 𝑉𝐶1 + 𝛽(𝑥𝑠

2 − 1)𝑖

𝑑𝑥𝑠
𝑑𝑡

= 𝑖 + 𝛼𝑥𝑠 − 𝑖𝑥𝑠

 

 

(22) 

 

The memristance used is a charge-controlled memristor that 

uses a quadratic function with an inner variable to ensure the 

nonlinearity of the element. Due to this, the circuit cannot be 

implemented with the reference and proposed memristor 

since these are current-controlled. 

 

B. Chaotic Circuit 2 

The circuit proposed in [13] modifies the alternative 

proposed by [11] by adding resistance in parallel, as seen in 

Fig.  12. This change does not alter the order of the system 

and it generates a current divider in the system, as seen in 

(23). 

 
Fig. 12. Chaotic circuit proposed in [12] (Redrawing based on [12]) 
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{
 
 

 
 𝐶

𝑉𝐶
𝑑𝑡
= 𝑖𝐿 −

𝑉𝐶
𝑅

𝐿
𝑖𝐿
𝑑𝑡
= −𝑉𝐶 − 𝛽(𝑥𝑠

2 − 1)𝑖𝐿

𝑥𝑠
𝑑𝑡
= −𝑖𝐿 − 𝛼𝑖𝐿 + 𝑖𝐿𝑥𝑠

 
 

(23) 

 

As seen in the case of the solution from [11], this circuit 

uses a current-controlled memristor, so the reference 

memristor and proposed memristor cannot be implemented.  

 

C. Chaotic Circuit 3 

In contrast to the previous circuits, the work of [13] 

describes the fourth-order system in (24). This circuit is 

comprised of five elements, where the only element different 

from the ones used in the previous cases is the negative 

resistance, which can be observed in Fig. 13. 

 

 
Fig. 13. Chaotic circuit from [13] (Redrawing based on [13]) 

 

 

{
 
 
 

 
 
 𝐶2

𝑑𝑉𝐶2
𝑑𝑡

= 𝑖𝐿 −𝑊(𝜑)𝑉𝐶2

𝐿
𝑖𝐿
𝑑𝑡
= 𝑉𝐶1 − 𝑉𝐶2

𝐶1
𝑑𝑉𝐶1
𝑑𝑡

= 𝐺𝑉𝐶1 − 𝑖𝐿

𝜑

𝑑𝑡
= 𝑉𝐶2

 
 

(24) 

 

The memristor used in this circuit is controlled by current, 

so the circuits of the reference memristor and proposed 

memristor can be used. In [13], the memristor used in this 

scenario uses a quadratic function to represent its nonlinear 

nature, resulting in a memristor similar to the reference 

memristor. 

 

D. Chaotic Circuit 4  

The circuit proposed in [14] can be seen in Fig. 14. It is 

comprised of seven elements that represent a fourth-order 

system, as seen in (25). This alternative uses the same 

elements as in the previous cases. 

 

 

{
 
 
 

 
 
 𝐶2

𝑑𝑉𝐶2
𝑑𝑡

=
𝑉𝐶1 − 𝑉𝐶2

𝑅
+ 𝐺𝑉𝐶2 −𝑊(𝜑)𝑉𝐶2

𝐶1
𝑑𝑉𝐶1
𝑑𝑡

=
𝑉𝐶2 − 𝑉𝐶1

𝑅
− 𝑖𝐿

𝐿
𝑖𝐿
𝑑𝑡
= 𝑉𝐶1 + 𝑟𝑖𝐿

𝜑

𝑑𝑡
= 𝑉𝐶2

 
 

(25) 

 
Fig. 14. Chaotic circuit described in [14] (Redrawing based on [14]) 

  

As seen in the previous scenario, the memristor used 

corresponds to a current-controlled memristor and can be 

used along with the reference and proposed memristors. 

Similar to the work in [14], the memristor has a quadratic 

function, and its structure is similar to the one proposed.  

 

E. Chaotic Circuit 5 

The option presented in [15], also referred to as the Chua 

circuit consists of five elements illustrated in Fig. 15. It 

defines a fourth-order system delineated by (26). Perhaps 

most notably, the elements employed in this configuration 

have not been utilized in other circuits. 

 

 
Fig. 15. Chaotic circuit of [15] (Redrawing based on [15]) 

 

 

 

{
 
 

 
 𝐶2

𝑑𝑉𝐶2
𝑑𝑡

=
𝑉𝐶1
𝑅
−
𝑉𝐶2
𝑅
− 𝑖𝐷(𝑉𝐶2)

𝐶1
𝑑𝑉𝐶1
𝑑𝑡

=
𝑉𝐶2
𝑅
−
𝑉𝐶1
𝑅
+ 𝑖𝐿

𝐿
𝑑𝑖𝐿
𝑑𝑡

= −𝑉𝐶1

 
 

(26) 

 

In this circuit, a current-controlled memristor is used; 

hence, it is possible to use this circuit with the reference 

memristor and the proposed memristor. The alternative stated 

in [15] uses a memristor with a nonlinear quadratic function, 

offering a similar result. 

V. IMPLEMENTATION OF THE CHAOTIC CIRCUIT BASED ON 

MEMRISTORS  

A. Selection of the chaotic circuit 

Based on the analysis of the discussed chaotic circuits, one 

of them is selected to be implemented and used as an entropy 
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source. This requires discarding the alternatives that are not 

viable from an implementation standpoint regarding the 

values of the circuit elements and additional considerations. 

The analyzed strategies are comprised of passive elements 

such as resistors, inductors, and capacitors. The values used 

in the circuit variants can be detailed in Table III. 

 
TABLE III  

VALUES OF THE ELEMENTS USED IN DIFFERENT CHAOTIC CIRCUITS. 

Element 
Circuit 

1 2 3 4 5 

L 330 mH 4.45 H 22 mH 18 mH 18 mH 

R - 2 Ω 8.2 𝑘Ω 

3.1 𝑘Ω 

0.5 𝑘Ω 

1 𝑘Ω 

2 𝑘Ω 

C 1 nF 0.5 F 
6.8 nF 

68 nF 

10 nF 

100 nF 

68 nF 

6.8 nF 

 

Drawing from the details concerning the elements 

employed in chaotic circuits and the predefined criteria, the 

process of selecting the most appropriate circuit for 

implementation commences. Table IV aims to provide a 

summarized overview of the circuit characteristics. 

 
TABLE IV 

ASSESSMENT CRITERIA OF THE CHAOTIC CIRCUITS CONSIDERED. 

Criterion 
Circuit 

1 2 3 4 5 

Memristor 

type 

Charge-

controlled 

Charge-

controlled 

Current-

controlled 

Current-

controlled 

Current-

controlled 

Number 

of 

elements 

3 4 5 8 5 

Type of 

inductor 
Grounded Floating Floating Grounded Grounded 

 

Based on the previous statements, Circuit 1 and Circuit 2 

cannot be implemented given that they do not meet the 

characteristics expected for the type of memristor since they 

cannot be used with the reference and proposed counterparts. 

Despite using a memristor compatible with the reference and 

proposed memristor Circuit 4 is discarded since it requires 

more elements than other circuits. Circuits 3 and 5 meet the 

criteria of the memristor and use the same number of 

elements. However, the type of inductor required is different 

causing Circuit 3 to use more elements for the 

implementation. Circuit 5 is chosen as the chaotic circuit to 

be implemented, serving as an entropy source. 

 

B. Implementation of the selected chaotic circuit  

Various authors have successfully utilized and 

implemented Circuit 5 as a chaotic circuit, as evidenced in 

[16] – [18]. Therefore, these references serve as benchmarks 

for implementing the referenced and proposed memristors. 

Table V lists the values of the elements included in Circuit 5 

as reported in each of the cited references. 

 
TABLE V 

VALUES USED FOR THE ELEMENTS OF CIRCUIT 5 IN DIFFERENT 

IMPLEMENTATIONS 

Element 
Reference 

[16] [17] [18] 

L 11.8 mH 20 mH 18 mH 

C1 6.8 nF 10 nF 6.8 nF 

C2 68 nF 1 nF 68 nF 

R 2.1 𝑘Ω -4 𝑘Ω 2 𝑘Ω 

 

As none of the references mention the utilization of 

emulators as substitutes for the inductor, it is necessary to 

evaluate the feasibility of constructing the chaotic circuit 

using an inductance emulator. The Chua circuit (Fig. 16) is 

purposefully employed, as it represents a classic chaotic 

circuit that incorporates Circuit 5 and has previously been 

effectively implemented [19].  

 

 
Fig. 16. Chua’s circuit (Redrawing based on [19]) 

 

The circuit resulting from using the inductance emulator is 

presented in Fig. 17. The values used in the components of 

this implementation scenario are registered in Table VI. 

 

 
Fig. 17. Chua’s circuit with inductance emulator. 

 
TABLE VI 

ELEMENT VALUES USED IN THE CHAOTIC CIRCUIT OF CHUA WITH 

INDUCTANCE EMULATOR. 

Element Value 

R1, R2, R3 1.2 𝑘Ω 

R4 1.5 𝑘Ω 

C1 10 nF 

C2 68 nF 

C3 6.8 nF 

R5 2 𝑘Ω 

R6, R7 22 𝑘Ω 

R8 3.3 𝑘Ω 

R9, R10 220 Ω 

R11 2.2 𝑘Ω 

 

Based on the 𝑉𝐶2 vs 𝑉𝐶3 chart, the characteristic attractor 

of Chua’s circuit can be obtained. This result serves as a 

criterion to determine whether it is possible to apply the 

inductance emulator. The result obtained is shown in Fig. 

18. 

 

Reference memristor. 

The work of [11] is initially chosen as a reference for 

implementation development, given that it is the alternative 

closest to the reference memristor. 

Nonetheless, since there is no consistency between the 

simulation, the implementation, or the results stated by the 

authors in [11], it is decided to use the work of [16] as a basis 

for development. In [16], although the values of the elements 
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that comprise the chaotic circuit are different from those used 

in [11], the most significant change can be seen in the 

memristor. Therefore, the changes proposed by [16] 

regarding the reference memristor are implemented. The 

resulting circuit can be seen in Fig. 19. 

 

 
Fig. 18. Attractor from Chua’s circuit with inductance emulator. 

 

The changes mentioned influence the equations that 

describe the behavior of the chaotic circuit. This can be 

observed in (27). 

 

 
Fig. 19. Reference memristor with the changes discussed in [16]  

 

𝑑𝑣1
𝑑𝑡

=
𝑣2 − 𝑣1
𝑅𝐶1

+
(𝐺𝑎 − 𝐺𝑏𝑣0

2)𝑣1
𝐶1

𝑑𝑣2
𝑑𝑡

=
𝑣1 − 𝑣2
𝑅𝐶2

−
𝑖3
𝐶2

𝑑𝑖3
𝑑𝑡

=
𝑣2
𝐿

𝑑𝑣0
𝑑𝑡

= −
𝑣1
𝑅1𝐶0

−
𝑣0
𝑅2𝐶0

 

 

 

(27) 

 

A simulation of this method is conducted to establish a 

reference point for comparison with the anticipated 

implementation outcome. The signals acquired in the 

simulation and the attractors generated for the chaotic system 

are depicted in Fig. 20 and Fig. 21, respectively. 

Fig. 20 reveals that all signals remain within the operation 

range of the OP AMP. The effect of changing the memristor 

integrator can be seen. Fig. 21 shows that the attractors are 

also altered by this change. The attractor used is the one 

generated by V (C2) vs Vϕ, which is characteristic of this 

circuit. The implementation of the modified circuit 

encompasses the values registered in Table VII. 

 
Fig. 20. Signals obtained from simulation of chaotic circuit 5 with the 

reference memristor. 

 

 
Fig. 21. Attractors obtained from simulation of chaotic circuit 5 with the 

reference memristor. 

 
TABLE VII  

VALUES OF THE ELEMENTS USED IN THE IMPLEMENTATION OF THE CHAOTIC 

CIRCUIT, BASED ON THE MODIFIED REFERENCE MEMRISTOR. 

Element Value 

R1, R2, R3 1.2 𝑘Ω 

R4 1.5 𝑘Ω 

C1 10 nF 

C2 68 nF 

C3 6.8 nF 

R5 2 𝑘Ω 

R6 4 𝑘Ω 

C4 1 nF 

R7, R8 2 𝑘Ω 

R9 1.5 𝑘Ω 

 

 
Fig. 22. Signals obtained in the implementation of chaotic circuit 5 with 

the modified reference memristor.  
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The implementation yields signals and attractors exhibiting 

behaviors akin to those described in the simulation, affirming 

the success of the implementation in functioning as an 

entropy source for the random number generator [20],[21]. 

The circuit signals and attractors obtained are depicted in Fig. 

22 and Fig. 23, respectively. 

 

 
Fig. 23. Attractors obtained in the implementation of chaotic circuit 5 

with the modified reference memristor.  

 

Proposed memristor 

The changes applied to the reference memristor over the 

proposed memristor result in the circuit shown in Fig. 24. 

Equation (28) presents the equation system that describes the 

behavior of the chaotic circuit. 

 

 
Fig. 24. Modified memristor circuit. 

 
𝑑𝑣1
𝑑𝑡

=
𝑣2 − 𝑣1
𝑅𝐶1

+
(𝐺𝑎 − 𝐺𝑏𝑣0

2)𝑣1
𝐶1

𝑑𝑣2
𝑑𝑡

=
𝑣1 − 𝑣2
𝑅𝐶2

−
𝑖3
𝐶2

𝑑𝑖3
𝑑𝑡

=
𝑣2
𝐿

𝑑𝑣0
𝑑𝑡

= −
𝑣1
𝑅1𝐶0

−
𝑣0
𝑅2𝐶0

 

 

 

(28) 

 

Fig. 25 presents the results of the system signals, and Fig. 

26 presents the attractors obtained during the simulation. 

Fig. 25 shows that none of the signals are outside of the 

OP-AMP operation range, so the implementation is 

performed using the values of the components listed in Table 

VIII. 

 

 
Fig. 25. Signals obtained of the chaotic circuit 5 with the modified 

memristor. 

 

 
Fig. 26. Attractors obtained of the chaotic circuit 5 with the modified 

reference memristor. 

 
TABLE VIII 

 VALUES OF THE ELEMENTS USED IN THE IMPLEMENTATION OF CHAOTIC 

CIRCUIT 5 BASED ON THE MODIFIED REFERENCE MEMRISTOR. 

Element Value Element Value 

R1, R2, R3 1.2 𝑘Ω R6 8.2 𝑘Ω 

R4 1.5 𝑘Ω C4 47 nF 

C1 10 nF R7, R8 2 𝑘Ω 

C2 68 nF R9 1.5 𝑘Ω 

C3 6.8 nF R10, R11, 

R12 
10 𝑘Ω 

R5 2 𝑘Ω 

 

The implemented circuit generates chaotic signals and 

attractors similar to those obtained in Fig. 27. 

 

 
Fig. 27. Signals obtained of the chaotic circuit 5 with the modified 

reference memristor.  
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The Fig. 28 showcasing the system signals and the 

attractors obtained in the implementation process. 

 

 
Fig. 28. Attractors obtained of the chaotic circuit 5 with the modified 

reference memristor.  

VI. APPLICATION OF THE CHAOTIC CIRCUIT 

As we mentioned, at the beginning of this paper, the 

utilization of a memristor, in a chaotic circuit, paves the way 

for random number generation. In this sense, we continue this 

research and use the chaotic circuit as an entropy source. 

Specifically, we implemented the system explained in [4], 

taking the chaotic signals v_(C_1 ), v_(C_2 ), and v_ϕ, as 

inputs of the random number generator. The detailed analysis 

and results of this second part of the research have already 

bee10ubmitted for publication and are out of the scope of this 

paper. However, we want to summarize here, some of the 

main contributions that we have made. 

After testing the six combinations of the order of the 

chaotic signals, and ten combinations of the RNG parameters 

that we proposed in [4], such as the number of bits in the 

ADCs and DACs, and the number of least significant bits 

taken from the ADC, we have verified that is possible to use 

this system to generate random numbers with long-range 

dependence. By simply changing the order of the 

concatenated signals of both reference and proposed 

memristor, it was possible to select some significant values 

of the Hurst parameter, which belong to the interval (0.5,1). 

This achievement allowed us to further analyze the fractal 

behavior of the random numbers generated, and we can state 

that monofractal and multifractal behavior were both 

detected.  

These characteristics suggest that the generator can be used 

as a reference framework for possible applications in the 

financial, geophysical, texture modeling, climate prediction, 

characterization of social behavior, and growth of organisms, 

among others. We are particularly interested in using it, in an 

an application that enables establishing the time between R 

peaks of a synthetic ECG signal generator. 

VII. LRD DEPENDENCY TESTING 

The detection of the LRD is carried out from the Hurst 

parameter (H), this can be determined from the variance-time 

diagram (VT) and the log-scale diagram (LD) [4]. The use of 

the variance-time diagram is selected as a tool to estimate the 

value of the Hurst parameter for each discrete sequence 

obtained. 

An example of the resulting VT diagram can be seen in Fig. 

29 and Fig. 30 when using discrete sequences with LRD and 

without LRD respectively. 

 

 
Fig. 29. Variance-Time diagram for a discrete sequence 

with LRD (H = 0.5780) 

 

 
 

 
Fig. 30. VT diagram for a discrete sequence without LRD 

(H = 0.4879) 

 

Table IX records the combinations and the Hurst parameter 

obtained by the authors of [4], these results are compared 

with those obtained in the implementation when using the 

reference memristor (Table X) and proposed memristor 

(Table XI). 

From Table X it can be seen that the Hurst parameter is 

affected by the order used to generate the sequence. It can 

also be observed that excluding the models that use 0 bits in 

the DAC, the rest of the combinations have sequences of 

numbers that exhibit LRD behavior. 
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TABLE IX.  

COMBINATIONS AND PARAMETERS OBTAINED BY THE AUTHORS OF [4] 

 
Combination 

1 2 3 4 5 6 7 8 9 10 

b 8 16 12 16 10 8 0 8 0 0 

n 8 8 8 10 10 12 12 10 10 10 

m 4 7 7 9 8 10 9 10 10 9 

H 
0.5

218 

0.5

756 

0.6

510 

0.6

757 

0.6

913 

0.7

196 

0.7

738 

0.7

958 

0.8

171 

0.8

21 

TABLE X. 

HURST PARAMETERS OBTAINED WITH A CHAOTIC CIRCUIT WITH REFERENCE 

MEMRISTOR FOR DIFFERENT COMBINATIONS AND SEQUENCES 

 
Combination 

1 2 3 4 5 6 7 8 9 10 

1 
0.7

04 

0.5

65 

0.5

66 

0.5

99 

0.6

02 

0.8

31 

0.4

34 
0.4 

0.7

04 

0.3

89 

2 
0.6

02 

0.5

48 

0.6

03 

0.7

09 

0.7

51 

0.7

49 

0.4

34 

0.4

79 

0.6

02 

0.4

69 

3 
0.6

02 

0.5

48 

0.6

03 

0.7

09 

0.7

51 

0.7

49 

0.3

80 

0.4

18 

0.6

02 

0.4

69 

4 
0.7

01 

0.5

65 

0.5

74 

0.7

08 

0.7

48 

0.6

12 

0.4

34 

0.4

72 

0.7

01 

0.4

67 

5 
0.6

02 

0.5

48 

0.6

98 

0.7

14 

0.7

12 

0.6

60 

0.3

84 

0.4

18 

0.6

02 

0.4

7 

6 
0.7

0 

0.5

65 

0.5

695 

0.5

989 

0.5

990 

0.5

152 

0.4

344 

0.4

012 

0.7

013 

0.3

89 

 
TABLE XI.  

HURST PARAMETER OBTAINED WITH A CHAOTIC CIRCUIT WITH MEMRISTOR 

PROPOSED FOR DIFFERENT COMBINATIONS AND SEQUENCES 

 Combination 

1 2 3 4 5 6 7 8 9 10 

1 0.4

879 

0.5

198 

0.5

228 

0.4

973 

0.5

27 

0.4

991 

0.

44 

0.4

889 

0.4

762 

0.4

625 

2 0.5

78 

0.7

697 

0.80

19 

0.7

765 

0.5

053 

0.4

871 

0.

44 

0.4

9 

0.4

791 

0.4

636 

3 0.4

945 

0.6

252 

0.6

483 

0.6

478 

0.55

49 

0.5

311 

0.

33 

0.4

896 

0.4

765 

0.46

33 

4 0.8

33 

0.7

593 

0.7

972 

0.7

719 

0.4

884 

0.4

715 

0.

46 

0.4

913 

0.4

787 

0.4

645 

5 0.4

985 

0.6

101 

0.6

532 

0.6

568 

0.5

01 

0.4

784 

0.

40 

0.4

927 

0.4

816 

0.46

58 

6 0.4

94 

0.5

145 

0.51

95 

0.5

009 

0.49

17 

0.4

925 

0.

48 

0.4

931 

0.4

81 

0.4

658 

From Table XI it can be seen that the order in which the 

sequence is generated continues to affect the Hurst parameter. 

As with the reference memristor, combinations that use 0 bits 

as DAC resolution still exhibit deterministic behavior. 

VIII. CONCLUSIONS 

The goal of this project is to determine the problems, 

conditions, and limitations that arise during the hardware 

implementation of the proposed memristor model and chaotic 

circuit. The fact that the memristor is not available 

commercially as a passive element reveals an impending need 

for emulator circuits. This leads to the selection of a reference 

memristor along with its structure according to the criteria 

defined for the components, thus restricting the solutions to 

only those comprised of elements available in the national 

market. 

Regarding the memristor proposal, it can be concluded that 

the limitations are not only related to hardware. As described 

by Chua, the conditions that characterize a memristor element 

should be considered when choosing a non-linear function for 

the emulator. The condition of only being equal at the origin 

does not allow the use of functions that can have values of 

zero throughout specific intervals, making it impossible to 

use half-wave rectifiers or similar devices. 

In the development phase, the entropy source poses the 

most significant constraints - primarily due to potential 

hindrances in hardware applications stemming from the 

availability of electronic components. Prioritizing a cost-

effective and straightforward implementation, we found it 

imperative to limit the components used to those readily 

available commercially. Consequently, we must dismiss the 

work presented in [4] without conducting a preliminary 

analysis of elements such as inductances and memristors. 

The implementation of a chaotic circuit with different 

memristor emulators supports the study of the effect of non-

linear functions in a chaotic system. These functions generate 

completely different signals and attractors. Signals and 

attractors are also affected by the topology used in the 

integrator of the emulator, as seen with both types of 

integrators used in this work. 

IX. FUTURE WORK  

The generation of random numbers based on hardware 

requires an entropy source as a fundamental element of the 

implementation process, which is used along with algorithms 

and mathematical models to deliver a sequence of numbers. 

Therefore, the creation of an entropy source using the 

memristor chaotic circuit would have wide applicability for 

the generation of random numbers. 
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