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Abstract—This paper introduces a novel approach for linear
quadratic optimal control design for a nonlinear control
structure based on a feedback linearization method and applied
over permanent magnet synchronous motor (PMSM). The
design of the proposed approach is developed by considering
rotational speed, direct and quadrature currents as state
variables. To achieve accurate tracking of the desired rotational
speed, an additional nonlinear controller with integral action is
implemented, also employing the exact feedback linearization
method, and since the reference for the quadrature current
is selected as zero only regulation is required. Consequently,
a multivariable nonlinear controller is achieved using exact
feedback linearization, offering robustness against external
disturbances like torque load. The proposed method is
assessed through simulations on a PMSM motor, and the
speed reference tracking performance is analyzed with and
without integral action. An additional comparison is carried
out by incorporating a pole placement technique into the
controller design. The proposed exact feedback linearization
approach with integral action and linear quadratic control,
demonstrates superior performance over other methods in
terms of disturbance rejection, control effort and speed
tracking.

Index Terms—Nonlinear control, state space, exact feedback
linearization, PMSM.

I. INTRODUCTION

Ermanent magnet synchronous motors (PMSMs) are

favored over other motor types because of their high
efficiency and power density [1] and simplified design [2],
[3]. PMSMs can be classified between interior PMSM
(I-PMSM) and surface-mounted PMSM (SM-PMSM) [4].
In [5] is shown that the SM-PMSM is commonly used for
electric vehicle applications. The principal disadvantages of
the PMSM are the demagnetization (exhibited in permanent
magnets when faced with high temperature, [6]) and
vibration environments, on top of its high cost [7]. Brushless
DC motors based on permanent magnets (PM-BLDC)
are known for their high efficiency, high power density,
low electromagnetic interference, and reduced maintenance
requirements. This motor is utilized in aerospace, servo
applications, medical devices, robotics, and particularly in
electric vehicles due to its excellent driving performance
[81, [9], [10]. PMBLDC motors require electronic drivers
because of their high torque and speed, and since they do
not require brushes, a reduction in the copper and eddy
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current losses is obtained. In general, the use of permanent
magnets eliminates excitation losses, thus increasing the
motor’s efficiency [10].

In [11] is presented a PMSM prototype constructed
using additive manufacturing techniques, where several
materials are considered. These PMSMs require a specifically
designed structure for the magnets like the Halbach array.
In [11] is also proposed an adaptive speed control of a
3D-printed permanent magnet synchronous motor (PMSM),
which is designed and printed in PETG using a nine-pair
pole structure with a Halbach array. The controller design
validates the PMSM’s performance even when constructed
with non-ferromagnetic materials. In [12], an additional
robust control design is performed for the PMSM described
in [11], where the speed reference tracking is evaluated under
noise conditions.

Several methods can be used for the control of
nonlinear multivariable systems [13], such as state feedback
linearization [14], gain scheduling, and sliding modes
control [15]. For example, in [16] is proposed a buck
converter control with integral action which is robust to
disturbances but requires detailed knowledge of the system.
In [17] is presented a multivariable sliding mode control of
coupled tanks that show robustness to disturbances without
a requirement of a detailed model of the system.

This study proposes an optimal linear quadratic design for
a nonlinear controller based on the feedback linearization
method in continuous time. The proposed approach is applied
over a PMSM and evaluated for reference tracking. The zero
steady state error is achieved by using integral action in the
controller for non-zero references. A comparison analysis
is performed by considering a pole placement technique,
with and without integral action. The proposed approach is
evaluated under external disturbances for rotational speed
tracking and steady state error. This paper is organized
as follows: in section II is presented the PMSM model
in continuous time and the mathematical formulation of
the integral multivariable nonlinear controller based on the
exact feedback linearization approach. In section III are
presented the results of the PMSM simulation and the
reference tracking comparison under torque load disturbance,
and finally, in section IV are presented the conclusions and
future works.

II. THEORETICAL FRAMEWORK
A. Continuous time Exact Feedback Linearization

The PMSM direct-quadrature framework model in
continuous time can be described by the following
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equations [18]:

T1 = €121 + C2T2x3 + C3Uq
Tg = C4T9 + C5T1T3 + CeT3 + Crillg (D)
T3 = cgT2 + CoT1T2 + C1073 + C11TL

where the state variables x1(t) = iq(t), x2(t) = i4(t) and
x3(t) = w(t), and where the PMSM outputs are defined by

y1 = hl(m) =21
Yo = hg(x) T3

2

The exact feedback linearization approach requires the
apllication of successive derivatives of the outputs until an
input appears [13]. Assuming the model (1) with T7,(¢) = 0,
for the first output, it follows:

) dhq

_ 3
=g 3)
Y1 = 1 = 121 + C2X2T3 + C3Uq 4
91 = thl(x) + Lgdhl(x)ud (5)

being
thl ($) =171 + C2x23 (6)
Lgdhl (x) = C3 (7)

since the input u,(t) appears, the derivatives of this input
are stopped, and the control signal v;(¢) is computed as:

71 =1 ¥

For the second output, it follows:

dha

. _ dha 9
V2 = &)
Y2 = 3 = cgT2 + CoT1T2 + C1073 (10)
Yo = Lyha(x) + Ly ho(x)ug + Ly, ho(x)ug (11)
being
thg(.’)’}) = ¢cg2 + Cox1T2 + C10x3 (12)
Lyyha(z) = 0 (13)
Ly, ha(z) = 0 (14)
Then, the successive derivative is obtained as
d?hs
o = 15
Y2 = 3 (15)
o = comady + (cg + co1)T2 + C10d3 (16)
o = coxa(c121 + Cawax3 + c3uq)
+ (cg + cox1)(caza + csx123 + co3 + crug)  (17)
+ c1o(csw2 + coz122 + c1073)
It follows that
1o = C1C9T1T2 + 0209!103563 + C3coTaug + C4C8T2
+ c5C8T123 + CeC8T3 + CrCgUy (18)
“+ cqCox122 + CngZC%:L’g + CcCoT3 + CrCoT1Ug
+ cgC10%2 + C9C10T1 X2 + C%ol‘s
iy = L}ho(x) + Lg, Lyho(x)ug + Ly, Lho(z)ug  (19)

being
2 2
thg(x) = 1091 T2 + CaCoT5T3 + C4C8T2

+ C5C801T3 + CeCT3 + C4C9XT1 T2

9 (20)
+ C5Cx1%3 + C6C9T3 + C8C10T2
+ coc10T1T2 + T3
Ly, Liho(z) = c3coxo 21
Ly, Liha(x) = creg + creomy (22)

and since the inputs uq(t) and uq(t) appear, the derivatives
of this output are stopped. Therefore, the control signal v (¢)
is defined as

Y2 = va (23)
The resulting system is
i 0 0 0| [y 1 0 "
g =10 0 1 y2+00[vl} (24)
ijo 0 0 0f [ 0 1| L™
A B
1
1 00
[gj = [0 ) 0} v (25)
N——— 92

Considering the structure of (24) it can be written as two
subsystems. For the first subsystem, it follows that

(] = [0] [sn] + [1] [va] (26)
-~ -~
ai by
(] = (1] [w] 27)
—~~
c1
where vy (t) is defined by
v1 = -k (28)
v = —kll‘l (29)
After designed, and by considering that
v1 = Lyhq(z) + Ly, ha(z)ug (30)
v = —k:lxl (31)
the control law for u4(t) can be obtained, as follows:
1
=——(—k —Lsh 32
Ug Lgdh1($)( 171 shi(x)) (32)
1
Ug = - (—kix1 — 11 — camax3) (33)

In a similar way, for the second subsystem it follows that

Bﬂ - w Bﬂ + El [ve] (34)
o] = U i ) (35)

where the control law for vy(¢), considering integral action,
is defined by

vy = —koya — k3y2 + kie; (36)
vy = —koxs — k3Zs + kie; 37
Vg = —koxg — k3(csxa + cox1xa + cro23) + kie;  (38)
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being e; the error integral, defined as

e; = /0 (Wrep(T) — @3 (7))dT (39)

being w,.s the reference for w. Therefore, e; can be also

defined as follows
éi = Wref — I3

(40)

By considering (40), an augmented state space system can
be obtained as follows

U2 0 1 0| |y2 0 0
yQ = 0 0 0 Z)2 + |1 [7}2] + 10 [wref]
€; -1 0 0] |e 0 1
-~
A, B,
(4D
with vy defined as
Y2
vy =[ka ks —ki| |52 (42)
~—_——— .
K, €i
After designed, and by considering that
vy = L}ha(x) + Lg, Lyha(z)ug (43)
+ Ly, Lyha(x)uq (44)
Vg = 7]€Q£E3 — k‘gig + kiei (45)

the control law for u,(¢) can be obtained, as follows:

1

— = (k.e. — _ e — 2
qu th2 (:E) (k,el k‘Q.Z‘g ]4131‘3 fhg (x)

(40)

Uq
—Lgdehg(a?)ud)

Ug = S — (kiei — ka3
c7Cg + C7CoTq
— k3(cgwa + cox12 + C1073)
— (e1c91m9 + CocoxaTs
+ cacgx2 + C5c8T1T3 + C6CT3 “n
+ cqcoria0 + 0509:5%13 + C6CoT1T3
+ cgcioxe + cgcioxriTo + C%OQTS)

—Cgl‘g(—]ﬁl‘l —C1x1 — CQ.’EQLEg))

1
Ug = ———————— (k767 — koxs3
c7Cg + C7C9xy
—ks(csxa + cor1T2 + C103)

— (cacgwa + cscgw13 + CoCaT3 (48)

2
+ c4c9x122 + C5C9T7 X3 + CeCOT1 X3

2
+ cgc10®2 + Ccocr0T1T2 + ¢ToT3) +Cor1T2k)

By assuming the parameter cg = 0, and the control
equation for u, can be reduced as follows:

1
ug = —— (kie; — kows — k3(cgwa + c1073)
cres

—(cacgxo + c508713 + CoC8T3 + CyC10T2 + C%OIES))
(49)

In Fig. 1 is shown an schematic diagram of the PMSM
exact feedback nonlinear control with integral action.

T
- ud l X1 g
Wref e e Optimal Controller " 3
>+ ! based on u PMSM 2 Iq
- Nonlinear Exact q X3 W
Feedback Linearization

Fig. 1. Schematic diagram of the PMSM exact feedback nonlinear control
with integral action

B. Controller gains design

A Linear Quadratic Regulator (LQR) controller can be
designed based on the state feedback structure. For control
law vy, it follows that

= ' ZC2T 7'11)27 T
Jl_/()(ql 2(r) 4 r102(r))d

where ¢; and r; are the weights related to x; and v
respectively. For control law vs, it follows that

(50)

t
Jo = / (X(T)Qawa (1) + 120v2(7))dr (51)
0
being the augmented states z, defined as
Y2
To = | Y2 (52)
€i

and the (), and ry, the weights related to z, and vy
respectively. Where @), is defined as

g2 0 0
Qa=10 g3 O (53)
0 0 ¢

being g2 the weight related to y2, g3 the weight related to
U2, and ¢; the weight related to e;.

III. RESULTS
The proposed control approach is evaluated over a PMSM
Teknic-2310P with the following set of c¢; parameters
1 =—1.8x10%, ¢9 = 4,3 = 5000
s =—1.8x10%, ¢5 = —4, cg = —127.9083
c7 = 5000, cg = 5.434 x 103, ¢9 = 0
c10 = —0.3734, ¢17 = —1.4165 x 10°
By considering these parameters, the following continuous
time model is obtained
i1 = —1.8 x 10y + 423 + 5000uq
do = —1.8 x 10329 — 4z 23
— 127.9083z3 4 5000,
&3 = 5.434 x 10%z9 — 0.3734x3
—1.4165 x 10°7;,
and also, the following control law is obtained for ug4
1

Uqg = ; (—/ﬂ1$1 — 11 — szzxs)
3

1
~ 5000

(54)

Ud (—klxl + 1.8 x 103.’E1 — 4$2$3)
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and u, c_1

x1

1
uq = — (klez — kg.’Eg — kg(CgCUQ + Clox;g)
C7Cg <

— C4C8Xx9 — C5C8X1X3 — CC]T3

—C8C10T2 — C1oT3)
B 1
©2.7170 x 107

— k3(5.434 x 1035 — 0.3734x3) o
+9.7811 x 10%25 + 2.1736 x 10%2 23 e >>—> o 1]

+6.9505 x 10°z5

;V

Ugq (kiei — k‘gl‘g

+2.0291 x 10°z5 — 0.1394a3) e | «
L c_6«¢
The open-loop system response by considering step inputs [:]
for ug, uq and 77, shown in Fig. 2 is shown in Fig. 3 c_8/<

A
¥

+
’ +

k| s x3
0 \ i i i L ] J_ L g e

Lr Fig. 4. Nonlinear multivariable model of the PMSM in continuous time

0 1
'£0.041
50.027
0 T T T
0 0.05 0.1 0.15
Time [s]
Fig. 2. Open loop inputs
= i OJ
3F :
z?
=1 X;
0 1
27 T T
= X,
0 1
__40 .
£
£200
= X3
0 . j ‘
0 0.05 0.1 0.15
Time [s]
Fig. 3. Open loop outputs
Fig. 5. Nonlinear control based on exact feedback linearization with integral
action in continuous time
The block diagram that represents the PMSM system in In order to evaluate the performance of the proposed exact
continuous time is shown in Fig. 4 feedback linearization approach with the optimal control
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design, a comparison analysis is performed by using a
pole placement based control design with two controller
configuration: with and without integral action.

The block diagram that represents the exact feedback
nonlinear control of the PMSM system with integral action
is shown in Fig. 5.

The design of the controller gains by using a LQR
controller can be performed by selecting the weights as
follows

g1 = 1000000 (55)

rp =1 (56)
0 0 0

Qo= 10 0 0 (57)
0 0 5000000000

ro =1 (58)

which results in the following controller gains

k1 = 1000 (59)
ko = 3420 (60)
ks = 82.7037 (61)
ki = 70711 (62)

The closed-loop response by using the exact feedback
nonlinear control technique and the optimal control and by
considering the inputs for ug4, u4 and 7;, shown in Fig. 6 is
shown in Fig. 7

0 0.2 0.4 0.6 0.8 1
Time [s]

Fig. 6. Closed loop inputs of the nonlinear control based on exact feedback
linearization with integral action and optimal control

id [A]

3k 4

LA |

iq[A]

0 ]
1 1
1000+
— zoom
E‘ Wre/' \
£:500r /\ P _
; " / v
O L L 1 1 L 1 1 ]
0 0.2 0.4 0.6 0.8 1

Time [s]

Fig. 7. Closed loop outputs of the nonlinear control based on exact feedback
linearization with integral action and optimal control

If the exact feedback controller is designed without
considering the integral action, it follows that the control
signal u, is therefore computed as

1
ug = —— (k2(wrey — x3) — k3(csx2 + c1073)
C7Cg
— C4C8T9 — C5C8X1T3 — CeCRT3
—CgC10x2 — C%O.Tg)
Y= 97170 % 107
— k3(5.434 x 10325 — 0.3734x3)
+9.7811 x 10825 + 2.1736 x 10*z125 + 6.9505 x 10°25

+2.0291 x 10°z, — 0.1394x3)

k2 (wref - .’L'g)

In Fig. 8 is shown the schematic diagram of the PMSM
nonlinear control based on exact feedback linearizarion
without integral action.

T
u i X1 i
Wref e Optimal Controller d d
3 based on P M S M X2 i
Nonlinear Exact g X3 a
Feedback Linearization "

Fig. 8. Schematic diagram of the PMSM nonlinear control based on exact
feedback linearizarion without integral action

The block diagram that represents the exact feedback
nonlinear control of the PMSM system without integral
action is shown in Fig. 9.
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Fig. 9. Nonlinear control based on exact feedback linearization without
integral action

The design of the controller gains by using a LQR
controller without integral action can be performed by
selecting the weights as follows

g1 = 1000000 (63)
rp=1 (64)
5000000 0O
ro =1 (66)
which results in the following controller gains
k1 = 1000 (67)
ko = 2236.1 (68)
ks = 66.87 (69)

The closed-loop response by using the exact feedback
nonlinear control technique and the optimal control without
integral action and by considering the inputs for ug, u4 and
71, shown in Fig. 10 is shown in Fig. 11

0 I . . . . 9
0 0.2 0.4 0.6 0.8 1
Time [s]

Fig. 10. Closed loop inputs of the nonlinear control based on exact feedback
linearization without integral action and optimal control

iq[A]

g

85001 7 |
— ref

= 0 I L I I X3 7

0 0.2 0.4 0.6 0.8 1
Time [s]

Fig. 11.  Closed loop outputs of the nonlinear control based on exact
feedback linearization without integral action and optimal control

For the sake of comparison, the design of the controller
gains ki, ko, ks and k; are also designed by considering
a pole placement technique with settling time ts of 100
milliseconds, as follows:

4
ts = — (70)
p
4
P=57 (71)
being p the magnitude of the dominant pole.
Therefore, for the controller gain k; it follows that
pi(s) =s+kl=s+40 (72)
and therefore
k1 =40 (73)

and for the controller gains ko, k3, and k; it follows that

s -1 0
pz(s) =det | ko s+ ks —ki (74)
1 0 s
pa(s) = s + k3s® + kas + k; (75)
p2(s) = (s +40)(s + 160)° (76)
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resulting in

ko = 38400 (77)
ks = 360 (78)
k; = 1024000 (79)

By considering these parameters, the closed-loop response
by using the exact feedback nonlinear control with integral
action and the pole placement technique, and by considering
the inputs for ug4, u, and 7;, shown in Fig. 12 is shown in
Fig. 13

"50.041 ]

£.0.021 ~_ .

= T,

&~ 0 1 T L L L 1 L L |
0 0.2 0.4 0.6 0.8 1

Time [s] ‘

Fig. 12. Closed loop inputs of the nonlinear control based on exact feedback
linearization with integral action and pole placement technique

x10°°

0 I I I 1 B
_1000F T : : T ‘ y T
= E 1
2500 _w/ zoom 1
PN X3 J
0 0.2 0.4 0.6 0.8 1
Time [s]
Fig. 13.  Closed loop outputs of the nonlinear control based on exact

feedback linearization with integral action and pole placement technique

In addition, if the exact feedback controller is designed
without the integral action by the pole placement technique,
the controller gains ko and k3 can be designed as follows

S -1
pa(s) = det <k:2 . k;3> (80)
pa(s) = 8% + kss + ko (1)
pa(s) = (s +40)(s + 160) (82)
resulting in
ko = 6400 (83)
ks =200 (84)

By considering these parameters, the closed-loop response
by using the exact feedback nonlinear control without
integral action and the pole placement technique, and by
considering the inputs for ug, ug and 77, shown in Fig. 14
is shown in Fig. 15

"20.04F ]
Z0.02- S~ 1
[\T} 0 : : i TL i i i i 4
0 0.2 04 0.6 0.8 1

Time [s]

Fig. 14. Closed loop inputs of the nonlinear control based on exact feedback
linearization without integral action and pole placement technique

x107"%
T

X

\ ]

X3

0.2 0.4 0.6 0.8 1
Time [s]

Fig. 15.
feedback linearization without integral action and pole placement technique

Closed loop outputs of the nonlinear control based on exact

In Table I is shown a comparison in terms of the
stationary error of the proposed exact feedback controller
(EFC) approach with and without optimal computation of
the controller gains by using the optimal control approach
and the pole-placement approach.

TABLE I
STATIONARY ERROR COMPARISON OF THE PROPOSED EFC APPROACH
BY CONSIDERING OPTIMAL AND POLE-PLACEMENT GAINS

Controller EFC EFC
Gains with Integral Action | without Integral Action
Optimal 0.01 rpm 170.5 rpm
Pole-placement 0.01 rpm 180.2 rpm

It is worth noting that in Table I, it is shown that
the stationary error for speed tracking is near zero for
the proposed EFC approach by considering integral action
even when the controller gains are computed by using an
optimal approach or a pole-placement approach. On the other
hand, the EFC approach without the integral action shows a
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stationary error near 180 rpm for controller gains computed
by an optimal approach or a pole-placement approach.

IV. CONCLUSIONS

In this work is presented an optimal control design
based on a linear quadratic regulator to obtain a nonlinear
multivariable controller based on the exact feedback
linearization technique with integral action. By considering
the mathematical formulation proposed in section II, the
design of the nonlinear multivariable controller is reduced
to two linearized independent state space subsystems, and it
is straightforwardly converted to a nonlinear state feedback
controller by using the exact feedback linearization approach.
As a result it can be seen that the control effort of signals
uqg and u, require less amplitude by using the optimal
control design than with the pole placement design, reducing
the magnitudes of the ¢y and i, currents. In addition, it
can be seen that the proposed approach by considering
integral action shows a stationary error near to zero even
when the controller gains are computed by an optimal
or a pole-placement approach. For future work, it can be
considered that since the proposed approach is evaluated by
using real PMSM motor parameters, the proposed approach
can be directly validated in a real environment.
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