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H infinity Control for 2-D Markov Jump Systems
Based on Asynchronous Observers

Xiaoshuai Xu, Feng Li, and Qingkai Kong

Abstract—This study focuses on the issue of asynchronous
observer-based H., control for Roesser model-based Two-
dimensional Markov jump systems. The goal is to develop an
asynchronous controller based on observer so that the system
maintains asymptotic mean square stability while exhibiting
H., disturbance attenuation performance. The asynchrony
between the observer and the control plant is described by
a hidden Markov process. Furthermore, applying the the Lya-
punov function method, a prerequisite for achieving asymptotic
mean square stability in closed-loop systems, while maintaining
a predefined level of H, disturbance attenuation performance,
is derived. Based on this criterion, a methodology for designing
the intended controller is constructed through the utilization
of linear matrix inequalities. The applicability of this scheme
is illustrated by the thermal process model with Markov jump
parameters.

Index Terms—2-D System, Markov jump systems, asyn-
chronous control, observer-based controller.

I. INTRODUCTION

Wo-dimensional (2-D) systems have garnered massive

attention owing to their significant role in multiple
subject areas, such as image processing, circuits, thermal
processes, signal transmission, and multi-dimensional digi-
tal filtering [1-5]. Generally, the most common models of
two-dimensional system are the Fornasini-Marchesini model
and the Roesser model. The Fornasini-Marchesini model is
employed to tackle the digital filter design problem, utilizing
a single vector to represent functions that are composed of
two unrelated variables. The Roesser model is mostly used to
solve image processing problems. The key difference lies in
the fact that the Roesser model possesses two orthogonal
components: one state is horizontal, whereas the other is
vertical. Nowadays, there is a lot of important research on the
Fornasini-Marchesini model and the Roesser model in [6-8].
The issue of H, filtering for the 2-D system based on the
Fornasini-Marchesini model was resolved in [9] through the
application of a linear matrix inequality (LMI) method. The
H, control issue and stability analysis for the 2-D system
based on the Roesser model were studied in [10].

On the other hand, Markov jump systems (MJSs) have
recently become a popular research area for multi-modal
systems [11-14], because they are widely used in fields
like aerospace, communications, financial engineering, and
biomedical engineering [15—17]. The MJSs serve as a tool to
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depict the transitions among various operational modes of the
system, thereby offering significant assistance in the analysis
and control of the system. For instance, the stability analysis
of the MJSs was studied in [18-22], and the problem of
controller design of MJSs was studied in [23-26]. However,
the problem of structural and parameter changes in 2-D
systems is difficult to handle. Some scholars have done a lot
of research on this issue. In [27-30], the issues pertaining
to stability analysis of 2-D MJSs were resolved. The authors
discussed the challenge of detecting faults within 2-D MJSs
in [31]. In addition, the difficulty of controller design within
2-D MIJSs was discussed in [32-35].

As a matter of fact, it is significant to design the controller
of MJSs. Up to now, the controller of MJSs is designed
as the synchronous controller in most papers [36—38]. This
control method requires the controller to match the mode of
the system. Nevertheless, this assumption is challenging to
accomplish in practical situations. For example, the system’s
inability to fully receive all information stems from a range
of uncertain factors, including but not limited to communi-
cation delays, data quantization, and data loss that occur in
the network control systems. It results in the operation of
controller mode and system mode being out of synchronous.
In addition, many controllers were designed based on state
feedback in [32, 33]. This approach requires each state to
be accurately measurable in order to achieve better system
performance. However, in practical applications, it is often
impossible to directly obtain state variables due to reason-
s such as unmeasurable state, high measurement cost or
expensive measurement sensors. Thus, some solutions are
proposed so that the above problems could be solved. Firstly,
using asynchronous control can solve the problem of mode
mismatch between controller and system. The asynchronous
controller-based system is structured using a hidden Markov
model. By solving a LMI, the controller gain matrix is
derived, ensuring the system remains asymptotically mean
square stable (AMSS). Secondly, it is necessary to use
known information such as input and output to design a state
observer and estimate the state variables. In this way, one can
ensure that the controller is serviceable even if the state of the
system remains unmeasurable in practical applications. For
instance, observer-based controllers are designed to ensure
system stability under network attacks and communication
delays in [39, 40].

This paper deals with the topic of asynchronous observer-
based H., control for Roesser model-based 2-D MIJSs.
An asynchronous observer-based controller is formulated to
guarantee that the system achieves AMSS while maintaining
a designated level of H, disturbance attenuation capability.
The asynchrony between the observer and the control plant
is described by a hidden Markov process. Through the
Lyapunov function method, a sufficient criterion for the
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asymptotic stability of the systems with a specified level of
H ., disturbance attenuation performance is derived. Drawing
upon this criterion, a design method for the desired controller
is formulated through the LMI. The applicability of the
design method is illustrated by means of a thermal process
model with Markov jump parameters.

Notation. In this paper, the notation N™ represents the
m-dimensional vector space and N™*™ means a real matrix
with n rows and m columns. The symbol ® > 0 indicates that
the matrix N possesses both symmetric and positive definite
properties. The inverse of a matrix N is represented by the
symbol ! and the symbol X7 shows the transpose matrix.
The notation diag {- - -} expressions the diagonal block ma-
trix and E {N} represents the mathematical expectation of
N.

II. PRELIMINARIES
A. System model

The present investigation considers the 2-D MIJSs ex-
pressed in the Roesser model, which are outlined as follows:

2(T,9) =A(rz,5) 2 (T,9) + B(rz,n) u (T, 9)
+D (rg.q)w (T, 9)

z2(T,9) =E(rs0)z(T,9) + Freg)u(®,H) 1)
+G (re,5)w (T, 9)

y(T,9) =C(rz5)z(T,9)

with
_ xp (T4 1, xp (T,
z(%,9) = [ac: E‘IJS% +5m 2(3,9) = Lci Eigﬂ

where zp, (T, $) € R™ and z, (T, ) € R™ denote the state
of the horizontal and vertical; u (%,$) € R™ , 2(%,9) €
R™ |, y(%,$) € R™ show the control input, the measured
output and control output, respectively. The exogenous dis-
turbance is defined by w (T, 9) € R™. A(rz ), B(rz.5),
-+, C(rg ) are known matrices of suitable dimensions.
r g represents the Markov chain, which takes on values
from the restricted set M = {1,2,3, ..., s} and its transition
probability matrix is defined by the elements IT = [, ].

Prob (ret1,9 =n | reg =m)
=Prob (rg g41 =n|rs s =m) 2)
= Tmn

where T, > 0 and >0 _| Ty = 1 for all m,n € M.

B. Observer design

Then, the state observer system can be formulated in the
manner outlined below:

R (T,9) = Alex,0) E(T,9) + Bleg,g)u(T,9)
+L(ex,5) [y (T,9) -y (T, 9)]
ﬂ(f,ﬁ) - C(TT,ﬁ)f(Taﬁ)
3)
with
5 _ |z (T+1,9)| ~ | Zh (%, 9)
()= | 2] s - | 2T
where Tp, (%, 9), Z, (T, ) denotes the horizontal and verti-
cal state observer vectors, the estimated output is defined as
7y (%,9) and L (T, 9) is the observer gain. According to the

above discussion, the asynchronous state feedback controller
for 2-D MIJSs (1) is considered as follows

u(%,9) = K(ex )7 (T, 9) “)

where the K(eg ) represents the feedback gain to be
designed. The correlative transition probability matrix is
defined as ¥ = [t,,4] and the random variable ez g takes
on values within the finite set S = {1,2,3,...,c}. Then, the
transitions of the eg ¢ is associated with the rg ¢ through
the following conditional probability:

Pr (ET,ﬁ =q | rT s = m) = z/}mq (5)

where ¥4 > 0 for and 37| ¥y = 1 for all m € M, q €
S.

Remark 1. The hidden Markov model is a general frame-
work for synchronous, asynchronous, and mode-independent
controllers. The controller has different working modes de-
pending on the situation in M and S. If M = S and
Ymq = 1 for m = ¢, the controller (4) is transformed into
a synchronous controller and if S = {1}, the controller is a
mode-independent one. As a result, the conclusions drawn in
this paper can be extended to encompass both synchronous
scenarios and mode-independent.

C. Problem statement

The estimated error is defined as ¢ (%, ) and e (%, ) =
z(%,9) — Z(%,9). From the system (1) and (3), it is
described by the following 2-D MISs. In the follows, let’s
simplify some of the symbols and we define r¢ ¢ = m,
ex.5 = g respectively. For instance, A, represents A (ez )
and A, represents A (rg q).

E(‘I,YJ) = [Am - Aq + (Bm - Bq) Kq] 5(‘25’))
Dy, )

+ (A — LyCi) € (T,5) + Donio (T, ©)

where

ctwn= [ G54 e (3]

Then, the closed-loop 2-D MJSs is represented by
A (T,9) = AngT (T,9) + LeCrme (T, 9)

€(T,9) = CingZ (T,9) + Dinge (T, 9) + Dypw (T, H)
Z(%,9) = EmgZ (T,9) + Epne(T,9) + Gnw (T, 9)
(7N
where

Amq £ Ag+ ByK,

Ding £ A, — L,Cy,

Erng £ FE.+ Fr K,

Cig 24, — A+ B K, — ByK,.

The boundary condition (2)o, Up) pertaining to system (1)
is described as follows:

Do = {21,(0,9),2,(T,0) | T,H=0,1,2,---}
Oo ={ros,rs0|%,H=0,1,2,---}

and %)p meets Assumption 1.

Assumption 1. [41] Q) satisfies

e=0

g
Jim E {Z Iz (0,¢) |I* + || o (¢, 0) ||2} <oo. (8
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Definition 1. [41] The 2-D MJSs(7) with w (%,9) = 0 is
thought to be AMMS if

Jm E{]2(%,9) [} =0 ©

for any boundary standard (9o, U).

Definition 2. [41] The system (7) qualifies as an AMSS with
an H, level of disturbance attenuation -« provided that the
following boundary condition is satisfied:

SIS E{la @l <20 w(T,9)IF (10)

T=0H=0 =0 h=0
holds all non-zero values w (%, 9) € I3 {[0,00),[0,00)}

Lemma 1. [42] For any real matrix A = AT, the follow
LMI are eauivvalent
Aqr Aga
1) A= <0
( ) AIQ A22
(2) Aj; <0and Agy — ALAT' A1, <0
3) A22 < 0 and A11 — A12A§21A1r2 <0

Lemma 2. [42] For given matrices X = X T.Y, and Z with
appropriate dimensionst

X+YSW)Z+Z"STH)YT <0

holds for all S(t) satisfying ST (¢)S(t) < I if and only if
there exists a scalar ¢ such that

X+¢YYT+¢Z27Z<0

III. MAIN RESULTS

In this particular section, the main aim addresses the prob-
lem of designing an asynchronous observer-based controller
for 2-D MISs (7). The 2-D MISs is proved to be AMSS
through a sufficient condition:

Theorem 1. For scalar v > 0, matrices Z, and 1, sat-
isfying Cp,Zy = 1qCy,, consider the system (7) on the
basis of Assumption 1, if there have symmetric matrices
pm £ diag{pmhapmv}» Qm £ diag{@mha@mv} with

Poun > 0, Py > 0, Qmp > 0, Qo > 0 for Ym € M,
Mg > 0, Nppg > 0 for Ym € M and Vg € S, and

matrices K, Ly such that the condition (11) and (12) hold
for Ym € M and Vq € S.

-P, 0 P,y 0
0 _Qm 0 erm
* x =P 0 <0 an
* * * -2,
T, * * * %k
0 T, * * %k
0 0 2T * o x
Eong B2, G-I x x| <002
%mqémq %ﬁLngOTYL 0 0 Y14 *
MmgCmq MmgDmq MmgDm 0 0 Ts

~mg =ApZq — fiquq + BTKQ - qu{q -
qu :Aqu - Lanu qu = Equ + Fqu
Y1 =Mpg—Zqg— 2, Yo=Npg—Zq—Z]

q

T4 :dlag {_ph _p27 e ;_Ps}
T5 :dwg {7Q17 7@27 e 77QS}

<%mq :[\/Tlel \/7T'm2[ \/ﬂmsl]
T = |Vl Vol Vel |

2., =diag {Nm17Nn1,27 T ch}
Py =diag {Mmh MmQa to Mmc}

Moreover, the controller and observer gains can be repre-
sented as the following:

Ky=KyZ;', Lg=Lg;" (13)
Proof: The Lyapunov function can be defined as
V(T,9H)=Vi(T.9) +12(T.9) (14

with
Vi(%,9) =27 (%,9) Pni(T,9)
‘/2 (‘375’)) - eT (‘Iaﬁ) Qme (‘I)ﬁ) .
Then, one can obtain that
E{AVA(T,9)} = 2oy bmeZT (T,9) E1n# (T, 9)
—z7 (%,9) Pz (%,9)
= CT (Saﬁ) (2221 ?ﬁqunT@qumeq
—-27(Z,9) Pz (T, 9)
where the variables X,,, = [Amq L,C., O] and ((T,9) =
77 (%,9) 7 (T,9) wT (T,9)].
Similarly, it is provable that
E{AV(%,9)}
= CT (T, 573) (Zgzl ¢'rnqyg;q52mqu) C (S, f))
76T (Tv ‘6) Qme (37 ﬁ)
where Vg = [Crng Ding D).

Consider the case of w(%,$) = 0, by using Schur
complement Lemma 1 and Lemma 2 to (20), one can have

N—

¢(%,9)

D, — diag { Mg, Nmq} < 0
where

T
Mg LoCol™ e =\ [Amg LeCm
(I)mq = |:Cmq qu :| d'lag{\—ilnm '—'271’1,} |:Cmq qu .

one can infer that

i wqu[TElle - Pm

q=1

AVL(T,9) =77 (T,9) (%, 9)

Zwmq%TEZm% - Qm
g=1
E {AV (‘3:75’))} = £T (‘I,Y)) 22:1 wmq(bmqg (‘I,Y))

_§T (‘I,f)) dia’g {Pm7 Qm} f (‘3:75;))
<0

AVa(T,9) =l (T,9) e(%,9)

where

€(5.9) = |15 0] A= (g LCo) B = [Cong D]

Thus, one can get that

E{oVi(5.9)} < =B {|3(E.9)I°} a5
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where @ = A\pin Z;lebquITElle— Pm}, summing
up on the both sides of (15), one can get

H1 o p2
E{ZZIIE(‘I,-@)IIQ}
T=09H=0
Bl 2

<- ;E{Z S AV (s,fa)}

{Zz 050
+Z

Let 1 and ,ug tend to oo and 1J; serve as the greatest
eigenvalue of P" and PT”({I 0)» one can get that

1‘(053 (‘3: 9, 0)

(0,9) PYs.0%0 (0, .6)}

7(0.5)
Bl 2
{zz 7 1)
T=09
9 _
<SS F 0017 + 1 00 P)
t=0
<0o0.
Similarly, E {AVs (%, 9)} < ng{He(T,jﬁ)HQ , which

indicates that (9) holds. Therefore, the system (7) is AMMS.
Defining

$2 Y Y B{l:@ o) -7l o)} ae

T=09H=0

with

T(T.9)2(T,9) =" (T, 9) (Zwmq

Zing = [Emg Bm G .

oo

Due to the condition (19), it can be concluded that

> Ymg (diag { Mg, Nong, ¥*1}) < diag { P, Qm,7*I}
q=1

then, letting AV (%, )
expression of function

£ AVL(T,9)+ AV, (%, 9) and the
$ can be rewritten in the following
S < Y50 Lo Bz (5. 9)1°
17
2
—2lw (3,9 + AV (5,9) }

According Schur complement Lemma 1 and Lemma 2, we
are able to infer from (20) that

E{l2(%,9)12 = 42l (,9)* + AV (5,9) }

c

Z wmq ( mqulmeq + qu-2mqu

g=1
qu — dzag {Mmqa qu7fy2]})] C (‘z fJ

=" (T,9)

+z!

mq

<0 (18)

which, combining with (17), results in & < 0, i.e. (10) holds.
The proof is completed. ]

The necessary prerequisites for ensuring the asymptotic
stability of system (7) have been previously determined, but
there are still some problems in solving the gain. The matrix
of transition probability in inequality (20) is coupled. In order
to solve this problem, Theorem 1 was processed, and the
result is stated as follows:

Theorem 2. For scalar v > 0, the 2-D MJSs (7) qualifies as
AMSS with the desired H,, performance -, if there are ma-
trices Pm £ dmg {tha va} ) Qm £ dzag {th; va}
with P > 0, Py > 0, Qmn > 0, Qpmy > 0 for Vm € M,
Mg > 0, Nppg > 0 for Vm € M, Vg € S and K, L, such
that

(19)
q=1

—Myng  * * * * *

0 —Npg  * * * *

0 0 -2 =« * *
Amg LgCry 0 —El_nll * w | = 0 @0

Cmg Dmq Dm 0 —E5b

Eng En Gp 0 0 -1
where

Z1im = Z 7Tmn-Pna Zom = Z '/Tann (21)

n=1 n=1

Proof: By useing the Schur complement, the inequality
(19) can be reformulated as the following inequality:

-P, 0 ' 0
0 —Qn 0 Ty
* * =2, 0 <0 (22)
* * x —2m
Then, pre-multiplying (22) with the transpose of

diag { Py, Qm,I,---,I} and post-multiplying (22) with
diag }Pm, Qm, I, - Ii one has (11). Letting P, = P, %,
Qm = Qb My, = M., Nppg = N, for ¥m € M and
Vq € S, inequation (11) and (19) are equivalent.

The following task is to prove that (12) and (20) are
equivalent. It can be obtained that

—ZI Mo Zg < Mg — Zg — Z) (23)
Similarly
— ZINpoZog < Nyng — Zq — Z (24)
which, combining with (12), results in
_ZQTM;Lé Z, * * * ok %
0 fZngTQ;Zq * ¥ % %
0 0 2T x o % <0
mg EnZ, G, =1 * =
MmqAmg  MiygLqCrm 0 0 7y x
%chmq '/lmquq %mqu 0 0 T5
(25)
Letting # — dz’ag{(ZqT)_l,(ZqT)_l ,I,I,---I}. Pre-

multiplying (20) by % and post-multiplying (20) by %7,
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TABLE I
PARAMETERS OF SYSTEM

m 1 2 3

am 125 1.58 0.86
bm 1.0 0.5 1.0

and with in Ky = K,Z; ', Ly = Ly, " mind, one has

[ —M g * * ok

0 —Ning * % %

0 0 -1 * ok
qu m Gm I % x (26)

MongAmg MmqLlqgCm 0 0 7y =

| MmqCrmg AMmqDmg MmgDm 0 0 T5]

Let -Pm = Pfr;l, Qm - Qr_nl’ Mmq = Mr;;’ qu = Nn_u}
for Ym € M and Vg € S, condition (20) is equivalent to
condition (12). This proof is accomplished. ]

IV. EXAMPLE

In this part, consider the following partial differential
equations with Markov jump parameters to describe the
thermal processes in a heat exchanger.

a5 (v, a5 (v,
8(0 3) = - é} 5) - 5r(n,3)5(0,3) + br(u,g)u (075)
(27)

where u (v,3) and S (v, 3) are, respectively, the control input
and the temperature at space v € [0, v ] and time 3 € [0, c0).
Qr(v,5)» br(o,;) are ture coefficients, which r (v,3) is the
Markov paramete. Similar as [41], we define

SEo 1= (1- 5 - an, 83)5(30) €9

Ay
+A—US(T —1,9) +bpe u (T, 9)

then the (28) can be written into the form of (1) with the
following parameters:

0 1
A(T‘I,ﬁ) = |:1 1— %g_ — e, A5:|

0
B (TTJG) = |:b7":1f) Aﬁ]

For this instance, we presume that the 2-D MJSs possesses
three operational modes. Let Av = 0.17 and Ay = 0.05, the
table of system parameters is presented in Table I.

On the other hand, the switching signal r< & and e g con-

0.8 0.1 0.1
form to the probability matrix IT = [0.36 0.54 0.1 | and
0.2 0.05 0.75
0.4 0.3 0.3]
¥ = (0.2 0.5 0.3|. In this example, the other parameters
0.3 0.1 0.6

of the system can be considered as

0 1] 0 1 0 1
Gi= [0.6 0.3]" G2 = [0.6 0.3} » Os = [0.6 0.3]
0.1 0.1 0.1
b= [0.4] P2 = [0.5] Fs = [0.3]

Fig. 1. Modes of 2-D MJSs.

Fig. 2. Modes of observer-based controller.

0.1 2.05 10
D = [0.2] » Gm = [0.1] » Em = [1 0.6] m=1,2,3

Subsequently, we postulate that the boundary condition of
the system and the input of the disturbance are regarded as

06 0<H<10
0,9) = -
za(0,9) {0 otherwise
0.3 0<E<10
xv(‘I, 0) = N _
0 otherwise
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10

Fig. 3.  Open-loop vertical state.

02 2<ET.H<10
0 otherwise

w(%,9) = {

Setting v = 4.454, Z, = diag{1,1},vy = Z;q =
1,2, 3, by solving LMIs (12) and (13), the controller gains
as Ky = [—3.0697 —1.2630], K, = [—2.9870 —1.3128],
K; = [—3.0025 —1.2897] and the observer gains can be
obtained as follows:

L [~04753 0.9428
L7 1.3759  —3.0418

7. _ [~0-0849 0.2570
271 0.5356 —1.2523

7. _ [F0.0011 02473
371 0.3686 —20.8021

Figure 1 and Figure 2 represent the mode of the system
(1) and the mode of the observer based controller (3),
which presents that the modes of communication between the
controller and the system occur asynchronously. The open-
loop state trajectories pertaining to the horizontal x, (T, )
and vertical x, (%, $)) are graphically represented in Figure
3 and Figure 4, from which it is evident that the open-loop
system’s state trajectories become unstable in the absence of
controller gains. Figure 5 and Figure 6 present the closed-
loop state trajectories pertaining to the horizontal (T, )
and the vertical z, (%, $), which displays the state trajecto-
ries pertaining to the closed-loop system tends to stabilize
after a period of volatility. These findings demonstrate that
the controller designed is capable of stabilizing the open-loop
system effectively, and the proposed asynchronous observer-
based controller design method is feasible.

To demonstrate that the obtained theoretical results are
suitable for 2-D MJSs under an asynchronous control mech-

xh(iﬂj)

Fig. 4. Open-loop horizontal state.

25

xh(ivj)

Fig. 5.

Colsed-loop horizontal state.

anism, the following scheme is considered: the probability

0.8 0.1 0.1 100
matrix II = |0.36 0.54 0.1 [ and ¥ = [0 1 0].
0.2 0.05 0.75 001

Under the condition that other system parameters are
the same, the control gains as K; = [—3.4286 —0.8992},
Ky = [-3.1691 —1.2117], K3 = [—-3.2032 —1.1202] and
the observer gains can be obtained as follows:

—0.0849 0.1281

Li=1 45423 —0.8301
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1.5 1.5

Fig. 6. Colsed-loop vertical state. Fig. 8. Colsed-loop vertical state of synchronous.

V. CONCLUSION

In this work, the problem of asynchronous observer-based
H, control for Roesser model-based 2-D MIJSs was studied.
In order to address the asynchronous phenomenon of system
2.5 mode and controller mode, an observer-based asynchronous
controller was constructed. The asynchrony between the
controller and the control plant was described by a hidden
Markov process. Then, using method of the Lyapunov func-
tion, a sufficient criterion for achieving asymptotic stability in
closed-loop systems, while maintaining a predefined level of
H, disturbance attenuation performance, was established.
In addition, the correctness of the above method and the
effectiveness of the designed controller were verified by a
practical example of thermal processes.

In future work, we will focus on addressing the prob-
lem of asynchronous control for 2-D MIJSs with general
probabilities information where the transition probability
information of the system and controller are partially known.
It is well known that the transition probability information are
precisely known, which is difficult in actual circumstances.
Therefor, the asynchronous observer-based control of 2-D
MIJSs with general probabilities information deserves to be
studied.

Fig. 7. Colsed-loop horizontal state of synchronous.
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