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Albertson(Alb) Energy of Product of Graphs

Jane Shonon Cutinha, Sabitha D’Souza, Swati Nayak*

Abstract—Albertson energy Albe(G) is defined as the sum
of the absolute values of the Albertson eigenvalues of G.
This paper computes the Albertson energy of various graph
products, relating it to graph properties like order, degree,
energy, or Albertson energy of the base graph. Our primary
focus is on deriving formulas for the Albertson energy of
the Cartesian, strong, and tensor products when one graph is
regular. We also compute the Albertson energy of join, corona
and hierarchical products of regular graphs. Furthermore, we
calculate the Albertson energy of p-shadow and p-duplicate
graphs.

Index Terms—Irregularity measure, Albertson energy, Graph
products, Shadow graph, Duplicate graph, Kronecker product.

I. INTRODUCTION

ET G = (V, E) be a simple, undirected graph. Vertices

w and v in G are said to be adjacent, if uv € E and
denoted as u ~ v. The degree of a vertex v, denoted as
deg(v) in G is the number of edges incident with v. A graph
G is said to be regular if all its vertices have same degree.
A point v is said to be the central vertex if eccentricity of
v is equal to radius of G and center of G is the set of all
central vertices.

Spectral graph theory revolves around the exploration of
the eigenvalues associated with matrix derived from graphs.
Let A be the adjacency matrix of a graph G with n vertices,
and let Ay, Ao,..., A\, be the eigenvalues of A. The key
outcome of this exploration is the energy of graph [1] which

is defined as .

E(G)=> |\l

i=1

A graph which is not regular is an irregular graph. It is
natural to inquire about the extent of irregularity exhibited by
an irregular graph. Hence numerous measures for quantifying
irregularity have been proposed by various authors. One
notable index introduced by M. O. Albertson in [2] is the
Albertson index, which is defined as

A(G) =Y |deg(u) — deg(v)|.
weE(G)

It is also known as third Zagreb index. The corresponding
Albertson matrix [3] Alb(G) = [z;;] is an n X n matrix,
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where

{|deg(v7;) —deg(vj)|, ifv;~v;in G
xij =

0, otherwise.

The eigenvalues of Alb(G) are referred to as Albertson
eigenvalues of G. Consequently, Albertson energy of a graph
G is defined as the sum of the absolute value of Albertson
eigenvalues of G. Suppose & < & < ... < &, r < n
are distinct Albertson eigenvalues of G with multiplicities
my, Mo, ... m,, then we shall write

spec(Alb(G)) = (51 & §r> .

my Mo e My

For more information on these topics, additional studies can
be found in [4]-[7]. Recent work in [8] has investigated
Albertson energy of splitting graphs and shadow graphs for
regular graphs. Building on these findings, we aim to extend
the understanding of Albertson energy of p-shadow and p-
duplicate graphs for any graph. Additionally, we examine the
behavior of Albertson energy for different graph products.

Section 2 establishes fundamental definitions and results
essential to prove subsequent results. In Section 3, we de-
velop a general formula for computing the Albertson energy
of Cartesian, strong, and tensor products when one of the
graphs involved is regular. Additionally, we calculate the
Albertson energy of the corona product and join of two
regular graphs, as well as the hierarchical product of GT1F,,
and G N K ,,, where G is any graph, P, is a path and
Ky, is a star graph. Finally, Section 4 focuses on calculating
Albertson energy of the p-shadow and p-duplicate graphs.

Let I,,, J, and 0, denote the identity matrix, the zero
matrix, and the matrix with all entries equal to 1 of order n,
respectively.

II. PRELIMINARIES

Let G and H be any two graphs of order n and m
respectively. The corona product of G and H denoted by
G ® H is a graph obtained by taking one copy of G and n
copies of H and joining the i*" vertex of G to each vertex
in the i'" copy of H, where i = 1,2,...,n.

Definition 1: The join GV H of two graphs G and H is a
graph obtained from joining each vertex of G to all vertices
of H.

The vertex set of Cartesian product, strong product, tensor
product and hierarchical product of G and H is V(G) x
V(H).

Definition 2: The Cartesian product GOH of graphs
G and H is a graph in which any two vertices (u,u’) and
(v,v") are adjacent if and only if either

(1) u=vin G and v’ ~ ' in H or
(i) v’ =" in H and u ~ v in G.
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Definition 3: The strong product GX H of graphs G and
H is the graph in which any two vertices (u, u) and (v, v’)
are adjacent if and only if either

i) u=vin Gand v’ ~ " in H or
(i) v’ =" in H and u ~ v in G or
(iii) u~v in G and ' ~ v’ in H.

Definition 4: The tensor product G x H of graphs G and
H is a graph in which any two vertices (u,u’) and (v,v’)
are adjacent if and only if v ~ v in G and v’ ~ v’ in H.

Definition 5: [9] The hierarchical product G M H of
graphs G and H having a distinguished or root vertex labeled
0, in which any two vertices (u,u’) and (v,v") are adjacent
if and only if either

(i) u=wvand v ~ v in H or

(i) v =v"=0and u ~ v in G.
We notice that the Cartesian product, strong product and ten-
sor product exhibit commutativity, unlike the corona product
and hierarchical product.

Remark 1: By the definition of Cartesian, strong, tensor
and hierarchical product, it follows that, for any
(U, U) S V(Gl) X V(Gg),

(i) deg(u,v) = deg(u) + deg(v) in G10G5.

(i) deg(u,v) = deg(u) + deg(v) + deg(u)deg(v)
in G1 X GQ.
(iil) deg(u,v) = deg(u)deg(v) in G1 x Ga.

d d
o) deg(uuy — J 10000 F degl?),

deg(v),

Definition 6: The p-shadow graph D, (G) of a connected
graph G is a graph constructed by creating p identical copies
of G and then joining each vertex « in G; to every neighbour
of the corresponding vertex v in G; for all 1 < j <p.

Remark 2: Let vy,vs,...,v, be the vertices of G and
G; be the i*" copy of G in D,(G), whose vertices are
vy), véi), cee o8 such that each v;i) corresponds to vertex
v; in G for 1 <7 < pand 1 < j < n. We note that for each
1<i<pand1l<j<n, deg(qé”) in D,(G) = p deg(v;)
in G.

Definition 7: [10] Let V' be a set such that VNV’ = (),
|[V|=|V'| and f : V — V' be bijective map (we write f(a)
as a’). A duplicate graph of G is D(G) = (V4, E1), where
the vertex set V13 = V UV’ and the edge set E; of D(G)
is defined as the edge ab is in E if and only if both ab’ and
a'b are in Ej. In general, D?(G) = DP~Y(D(Q)).

For (n,m) graph G, p-duplicate graph contains 2Pn vertices
and 2Pm edges.

Theorem 1: [10] Let D(G) be the duplicate graph of G.
Then

(i) No two vertices of V and V' are adjacent.

(ii) For a € V, deg(a) in G = deg(a) in D(G) = deg(a’)
in D(G).

Definition 8: [11] Let A and B be matrices of order m xn
and p x g respectively. The Kronecker product of A and
B, denoted by A ® B, is the mp x ng block matrix [a;;B].

Lemma 1: [11] Let A and B be symmetric matrices
of order m and n respectively. If ag,a92,...,q,, and
141, fho, - - ., iy, are the eigenvalues of A and B respectively,
then the eigenvalues of A ® B are given by a;u;, i =
1,2,....mand j=1,2,...,n.

if v is the root vertex

otherwise.

Lemma 2: [11] Let A and B be symmetric matrices
of order m and n respectively. If aj,a2,...,q,, and
141, fho, - - ., iy, are the eigenvalues of A and B respectively,
then the eigenvalues of A®1,, +1,,, ® B are given by a;+
i=1,2,...,mand j=1,2,...,n.

Lemma 3: If ay, a9, ..., q, are the eigenvalues of a ma-
trix A, then the eigenvalues of I,, + A will be 1 + ay,1 +
ag,...,1+an.

Remark 3: If G is a regular graph, then Alb(G) is equal
to zero matrix.

III. ALBERTSON ENERGY OF PRODUCTS OF GRAPHS

Theorem 2: If G is a k-regular graph of order n and G4
is a r-regular graph of order m, then Albertson energy for
corona product of graph G; and Gs is Albe(G1 © Go) =
2n(k +m —r —1)y/m.

Proof: Let the vertex set of G; and Gy be V(G;) =
{vi,v2,...,v,} and V(G2) = {ui,u2,...,un} respec-
tively. Let G’g) denote the i** copy of G attached to i*"
vertex of Gy with vertex set {u'”, u{” ... u{}.

Let the vertices in Alb(G; © Gg? be listed as
v 1 (2 (n) (1) (2 (n)

1,02, ..., Un, Uy "5UL "5eeey Uy Uy " Ug "yee ey Ug "yen sy
B I 0)

Albertson matrix of G ® G5 can be written as follows:
AIB(Gr)  thn ot
tln Alb(Gh1) Alb(G1)
Alb(G1 © G2) =

Alb(G1) i)
n(m+1
where I, is the identity matrix and t =k +m —r — 1.

th,  Alb(G1)

AB(GY) 0, - O,
0, Alb(GY) AIb(Gh)
Alb(Gy © Go) = : . . . +
0, Alb(GY) Alb(GY)
0, tI, tl,
tl, 0, 0,
tIn On e On

As (1 is regular, by Remark 3 we obtain
Alb(G1 © Ga) = A(Kym) ® tl,, where Ky ., is a star

graph.
We  know  that the spectra  of Ky ,, is
—vm 0 Vm
1 m—1 1 |
Using Lemma 1, we get
Albe(G1 ® Ga) = tn(|vm| + | — vm]|) = 2tny/m =
2n(k+m—r—1)y/m. [ |

Remark 4: We observe that, for the graphs G; and G5 as
in Theorem 2, above result can also be written as
Albé(Gl O] Gg) = tnE(Kl’m).

Theorem 3: If G is a k-regular graph of order n and G4
is a r-regular graph of order m, then Albertson energy for
join of graph G and Gy is Albe(G1VG2) =2|k+m —1r —

Proof: Albertson matrix of G1VGs can be written as
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follows:
AIB(G1 VG On e
\Y = R
( ! 2) Cmen Om N

where ¢ = |k +m — r — n|. We observe that the rank of
the above block matrix is 2. Hence it has two non-zero
eigenvalues, say &; and &5 such that

51 + §2 = tT‘aC@(Alb(G1VG2)) =0. (1)
We have
9 mCQJn Onxcm
(Alb(G1VGo))* = O 2 .
n+m
Then
trace((Alb(G1VG2))?) = &1 + & =2c%mn. (2)

Solving Equations 1 and 2, we obtain &; = ¢
—cy/mn. Therefore,

Alb.(G1VG3) = 2¢/mn = 2|k + m — r — n|y/mn.

mn and & =

|

Theorem 4: Let G; and G2 be graphs of order n and

m respectively. Then 0 < Albe(G10G2) < mAlbe(G1) +
nAlbe(Gs). Equality holds if either Gy or G5 are regular.

Proof: Let the vertex set of G; be V(G;) =

{v1,v2,...,v,} and V(G2) = {ui,us,...,u,} respec-

tively. Let the vertices in Alb(G100G3) be listed as

(v1,u1), (V1,u2), ..., (V1,Um), (U2, u1), (U2, u2),. ..,

(027 UWL)’ ) (U’na Ul), (U'fw u2)7 ctty (UYH um)'
Consider
X1 X2 Xin
Xo1 Xoo Xon
Alb(G10G,) = . . . . )
an Xn2 Xnn
where each X,; = [:Ugl])] is an m x m block matrix, 1 <

i, <nand 1 < k,l <m.
We claim that AlIb(G10Gs) = (Alb(Gh) ®
Alb(G2)), which is equivalent to proving that

In) + (In ®

Alb(Go), ifi=j
Xij = « |deg(v;) — deg(vj)| L, if v; ~v; in Gy
O s otherwise.

Case 1: Consider the diagonal matrix X;;, 1 <7 < n.
The corresponding row and column indices of X,; is
{(vi, 1), (vi,u2),. .., (v, um)}. Forany 1 <k, <m,

(id) |deg(v;, ug) —
T =

0, otherwise.

deg(vi,w)|, if (vi,ur) ~ (vi,w)

By the definition of Cartesian product, we have (v;,uy) ~
(vi,u;) in G10OG2 = wuy ~ u; in Gs. Also from
Remark 1, sc(” |deg(v;, ug) — deg(vi, wy)| = |deg(uy) —
deg(ur)]-

= Xy =[el)] = Alb(Ga), 1<i<n, 1<kI<m.
Case 2: Consider the non-diagonal matrix Xj;,

1 < 4,7 < n. The corresponding row and column
indices of X;; are {(vi,u1), (vi,u2),...,(vi,um)} and

{(vj,u1), (vj,u2),. .., (vj,um)} respectively.

For any 1 < k,l <m,

(i) |deg(vi, u) — deg(vj, w)|,
Tri =

0, otherwise.

if (v, up) ~ (vj,u)

First, we shall consider the case where v; ~ v; in G.

By the definition of Cartesian product, we observe that
(vi,ug) ~ (vj,w) in GiOGy = wup = w in Gy. By
(J)

Remark 1, z,;’ = |deg(v;, ur) — deg(vj, ur)| = |deg(v;) —
deg(v;)|-
= Xi; = [27] = |deg(vi) — deg(v;)| I, 1 < i <

n, 1 <k,l <m, whenever v; ~ vj.

Now we will consider the case where v; » v; in Gj.

We observe that if v; « v; in Gy, then (v;, ug) » (v;, ;) in
G10Gs.

whenever v; = v;.
Therefore, it follows that Alb(G10G3) = (Alb(G1) @ Im) +
(I, ® Alb(G2)). Let &, 1 < i <n and 5;-, 1<j<mbe
the Albertson eigenvalues of (G; and G4 respectively. Then

by Lemma 2, we obtain
Albe(G10G) ZZ & + &)
i=1 j=1

=0, 1 <i<n, 1<kl <m,

m

<Zm|@\+2n\s|

= mAlbe(Gl) + nAlbe(Gg).

ZZI&%I

=1 j=1

>SS g)

i=1 j=1

n
=|m> € +n
=1 7

)

Albe Gl DG2

m

&

Therefore, 0 < Albe(G10G3) < mAlbe(G1) + nAlbe(G3).
Equality follows from Remark 3 and Theorem 4. [ ]

Theorem 5: Let G be a graph of order m. Then
2Albe(G) < Albe(GOG) < 2nAlbe(G). Equality holds if
G is regular.

Proof: The proof is similar to that in Theorem 4. We
obtain AlIb(GOG) = (Alb(G) ® I,,) + (I, ® Alb(G)). Let
&, 1 < i < n be Albertson eigenvalues of G. Then by
Lemma 2, we obtain

Albe(GOG) Z & + &1
1,5=1
< 22\& + Z il + €51
ko
= 2Albe(G) + 2(n — 1) Albe(G)
= 2nAlbe(G).
Albe(GOG) > 2A1be(G) + ‘ S+ gj)‘
ij=1
= 2Albe(G) + 2(n — 1)trace(Alb(G))

= 2Albe(G).
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Therefore, 2Albe(G) < Albe(GOG) < 2nAlbe(G). [ |
Theorem 6: 4 Let G be r-regular graph of order n

and G2 be any graph of order m. Then Albertson energy

for Cartesian product of G; and Gy is Albe(G10G2) =

Proof: Let the vertex set of G; and Gy be V(G;) =

{v1,v2,...,v,} and V(G2) = {ui,usa,...,u,} respec-

tively. Let the vertices in Alb(G100G3) be listed as

(v1,u1), (V1,u2), .- -, (U1, Um), (v2, u), (v2, u2), . . -,

(V2 Um)s -« vy (Uny 1),y (Unyu2), .oy (Uny Upn)-

Let Alb(G10G>2) be the matrix as in Equation 3.

Case 1: Consider the diagonal matrix X;;, 1 <7 < n.

As in Theorem 4, we obtain X;; = [z\"] = Alb(G,), 1

i<n, 1<kIl<m.

Case 2: Consider the non-diagonal matrix X;;,1 < 4,5 < n.

The corresponding row and column indices of X;; are

{(Uia ul)v (Uiv u2)7 ) (viv um)} and {(vjv ul)a ('Uja u2)a )

(vj,um)} respectively.

For any 1 < k,l < m,

(i) |deg(vs, ux) — deg(vj, up)|,
T =

0, otherwise.

if (vi,uk) ~ (vj,u)

By the definition of Cartesian product, we observe that
(vi, ug) ~ (vj,w) in G1OGs = wug = w; in Go. This
implies xgjlj) |deg(vi, u) — deg(vj, u)| = 0.
Hence,X”—[x,(fl)]—Ome, 1<4,57<n, 1<kIl<m.
Therefore, we obtain

AIb(Gy) O Om
Om  AIb(Gs) Om
Alb(G10G,) = . . , . ,
0,, 0, Alb(Gs)

is a block diagonal matrix. "

Hence, Albertson eigenvalues of the above matrix is
equal to the eigenvalues of each diagonal matrices. Suppose
& <& < ... <&, are Albertson eigenvalues of GG5. Then
Albertson energy of G100G5 is

Albe(G1OGa) = n Y _ [&] = nAlbe(Ga).
i=1
|
Theorem 7: Let (G1 be r-regular graph of order n and G2
be any graph of order m. Then Albertson energy for strong
product of GG; and G is

Albe(Gy K Go) = (r + 1) Albe(Ga) Z (1 + A))

A1, Ao, ..., A, are eigenvalues of A(Gl)

Proof. Let the vertex set of G and Gy be V(G;) =
{vi,v9,...,v,} and V(G2) = {ui,us,...,u,} respec-
tively. Let the vertices in Alb(Gy X G2) be listed as
(v1,u1), (V1,u2),. .., (V1,Um), (V2,u1), (V2 u2),. ..,

(V2 Um)s -« vy (Uny 1),y (Unyt2), .oy (Uny Upn)-

Let Alb(G1 X G2) be the matrix as in Equation 3. We claim
that the Alb(Gy K Ga) = (I, + A(G1)) ® (r + 1) Alb(Gs),
which is equivalent to proving that for any 1 < 14,5 < n,

(r+ 1)Alb(G2),
Xij = (T‘ + 1)Alb(G2),
Om,

, where

ifi=j
if’UiN"Uj iIlGl

otherwise.

Case 1: Consider the diagonal matrix X;;, 1 <7 < n.
The corresponding row and column indices of X;; is
{(vi,u1), (vi,ua), ..., (ViU )}. Forany 1 < k.l <m,

(i) |deg(vi, uk) —
T =

0, otherwise.

deg(vi,w)|, if (vi,ur) ~ (vi,w)

By the definition of strong product, we observe that

(vi,ug) ~ (vi, 1) in G1 X G4 implies that uy, ~ u; in Gs.
Also by Remark 1,

o) = |deg(vi,ur) — deg(v,w)| = (r + 1)|deg(uy,) —
deg(u)|.

— X =[] = (r + DAI(Gy), 1 <i<m, 1<
k1 <m.

Case 2: Consider the non-diagonal matrix Xj;,

1 < 4,7 < n. The corresponding row and column
indices of X;; are {(vi,u1), (v, u2),...,(vi,um)} and
{(vj,u1), (vj,u2),..., (vj,um)} respectively.

For any 1 < k,l <m,

_ {deg(vi,uk) —

0, otherwise.

deg(vj,ur)], if (vi,ur) ~ (vj,w)

o

First, we shall consider the case where v; ~ v; in Gj.

By the definition of strong product, we observe that
(vi,ug) ~ (vj,w) in Gy WGy and v; ~ v; in Gi =
b = ldeg(vi,ui) -
—deg(ul)| whenever uy ~ u;

up ~ w or up = w in Gy. Hence, x,
deg(vj, w)| = (r+1)|deg(ux)
and mék) =0.
— Xy =[] = (r + DAI(G,), 1<i,j<n,

1 <k,l <m, whenever v; ~ vj.

Now we will consider the case where v; » v; in Gj.

We observe that if v; « v; in G, then (v;, ug) » (v;, ;) in
G X Gs.

Hence, X;j = [z = 0,,, 1<i,j<n, 1<k<m,
whenever v; » v;. Therefore, it follows that

Alb(Gy B G) = (I, + A(G1)) ® (r + 1) Alb(Gs).

Let &, 1 <i<mand \j, 1 <j < n be the eigenvalues
of Alb(G2) and A(G1) respectively. By applying Lemma 1
and 3, we obtain

n m

= > I+ D&+ )

j=11i=1

=+ > &I+ N)

j=11i=1

Albe(G1 K G3)

= (r+1)Albe(G2) Y |(1+\))].
j=1

|
Theorem 8: Let (G1 be r-regular graph of order n and G2
be any graph of order m. Then Albertson energy for tensor
product of G and G is Albe(G1xG2) = rE(G1) Albe(Gs).
Proof: Let the vertex set of Gy and Gy be V(G;) =
{v1,v2,...,0,} and V(G2) = {ui,usa,...,u,} respec-
tively. Let the vertices in Alb(Gy x G2) be listed as

(vla Ul), (vl’UQ)v ) (Ulaum)’ (U2vu1)v ('UQa u2)a cey

(Va, Um)y - vy (Un, u1), (U, U2),y -« oy (Uny Usp ).

Let Alb(G1 x G2) be the matrix as in Equation 3. We claim
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that the Alb(G1 x Ga) = rA(G1) ® Alb(G2), which is
equivalent to proving that for any 1 <1i,5 <n,

O, ifi=j
XL] = TAlb(G2)7 1f Vi ~ f[)]- in Gl
O, otherwise.

Case 1: Consider the diagonal matrix X;;, 1 < i < n.

The corresponding row and column indices of Xj;; is

{(wi,u1), (Visu), ..., (Vi um) }

We note that in G1 X Ga (v, ug) = (v;,u;), for 1 < k1 < m,

since we are dealing with simple graphs.

— Xii = 2] = O, 1<i<my 1< k1< m.

Case 2: Consider the non-diagonal matrix X;;,1 <4,j < n.

The corresponding row and column indices of X;; are

{(Uia Ul), (viv u2)7 ) (Uiv um)} and {(vjv ul)v (vja u2): )

(vj,um)} respectively.

For any 1 < k,l <m,

L) _ {deg(vi,uk) —deg(vj,w)|, if (v, ug) ~ (vj,w)
kL~

0, otherwise.

Consider the case where v; ~ v; in G1.
By the definition of tensor product, we observe that
(Ui,u;c) ~ (Ui7ul> in G1 XG2 and v; ~ Vj in G1 — U ~
u; in G. By Remark 1, :vglj) = |deg(v;, ux) —deg(vj,w)| =
r|deg(ur) — deg(u)|.
— Xy =[] = rAIB(G,), 1<i,j<n, 1<kl<
m, whenever v; ~ v;.
Now, consider the case where v; « v; in G.
This implies that (v;, ug) » (v;, ;) in G1 % Ga.
= Xij = 2] = O, 1 < ij <m, 1< k1<
m, whenever v; » v;.
Let &, 1 <i<mand \;, 1 <j <n be the eigenvalues of
Alb(G2) and A(G) respectively. From Lemma 1, Albertson
energy of G; X Gy is
n m
Albe(Gy x Go) = > Y [réi)|

j=1i=1

n m

TZ|/\J'|Z|§7:|
=1

=1 =

TE(Gl)Albe(Gg)

|

Theorem 9: Albertson energy of hierarchical product of a

r-regular graph G of order n and a path P,, with a pendent
vertex as the root is

2nvVr? — 2r + 2,

nr,

ifm=23
Albe(GM Py s 3
if m .

Proof: Let the vertex set of G and P, be

V(G) = {v1,ve,...,v,} and V(Py,) = {u1,uz,...,un}
respectively, where wu; and wu,, are pendent vertices
and u; ~ wu;4; for 1 < ¢ < m — 1. Without loss
of generality, assume that wu; is the root vertex.
Let the vertices in Alb(G M P,) be listed as
(v1,u1), (va,u1)y ..., (Vp,ur), (V1,u2), (Vo,us), .. .,

(Un, u2)a s ('Ula um)a (UQ,Um)7 sy (vnaum)~

Albertson matrix of G M1 P,,, can be written as follows:

TN (r—1I, N N N7
(r— 1)1, N N N N
N N N N N
Alb(GNP,,) =
N N N N I,
N N N In N

where N = Alb(G). As G is a regular graph, from Remark
3, we obtain Alb(G M P,,) = C ® I,,, where

0 (r—1) 0 0 0]
(r—=1 0 0 0 0
0 0 0 0 0
C =
0 0 0 0 1
0 0 0 10

For m > 3, the characteristic polynomial "of C'is det(al —

C) = am*(a? — 1)(a® — (r — 1)?) and Spec(C) =
—r+1 -1 0 1 r—1
1 1 m—-4 1 1

By using Lemma 1, we get

Albe(GN Pp) = |In(—r+1)| + | — n| + |n| + |n(r — 1)|

= 2nr.

0 r—1 0
For m = 3, we have C = [r—1 0 1f.

0 1 0
Then the characteristic  polynomial of C s
det(al — C) = «ala® — (r? — 2r + 2)) and

—/r2 -2 2 0 VvVr2-2 2

Spec(C) = " ) T ) " 17‘—|— .

From Lemma 1, we get

Albe(GM Pp) = [nV/12 —2r + 2|+ | — nv/r2 — 2r + 2|
=2n\r? —2r+2.

| ]
Remark 5: In the above theorem, for m = 2, we get

On I’n
Alb(GNPy) =7 I 0 . Therefore Alb.(GMPz) = 2nr.

Theorem 10: Albertson energy of the hierarchical product

of a r-regular graph G of order n and a path P,, with an
odd value of m and the central vertex as the root is

2nv/2(r + 1), if m=3
Albe(GM Py,) = 2n(1 +v2r2 +1), if m =5.
2n(2 + v/2r), itm>5

Proof: Let the vertex set of G and P, be
V(G) = {v1, va,...,v,} and V(Pp,) = {u1, ug,...,un}
respectively, where w; and wu,, are pendent vertices and
w; ~ ujy1 for 1 <4 <m — 1. Let ums: be the root vertex
of P,,. Let the vertices in Alb(G T ij be listed as follows:
(vla ul)a (027 ul)v ceey (vna ul)a (Ula u2)7 (U27 u2)7 L)
(Un,u2), .oy (U1, Um), (V2, Um), -+ (Un, Um,)-

Albertson matrix of G M P,, can be written as follows:
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In N N N N N
In N N N N N N N
N N N N N N N N
N N N rIn N N
AGCNPm) = |\ N N rIn N g N N
N N N rln N N
N N N - N N N . N I
N N N - N N N In N

where N :>Alb(G). As G is a regular graph, from Remark

3, we obtain AIb(GM P,,) =E® I,, where
0 1.0 --- 0 0 0 --- 0 O]
1 0 0 0 0 O 0 0
0 0 O 0 0 O 0 0
0 0 0 » O 0 0
E= 0 0 r 0 r
0 0 0 r O
0O --- 000 --- 0 1
0 0 o o000 --- 10

For m > 5, the characteristic polynomial of E' is
det(al — E) = o™ 5(a? — 1)?(a? — 2r?) and
—V2r -1 0 1 2
Spec(E) = V2 V2 .
1 2 m—-6 2 1
By using Lemma 1, we get

Albe(G M Py,) = [nV2r| 4+ 2| — n| + 2|n| + | — nv/2r|

= 2n(2 4+ V2r).
0 r+1 0
For m = 3, we have E = |7 +1 0 r+1],
0 r+1 0

The characteristic polynomial of E is
det(al — E) = a(a? — 2(r +1)?) and
—V2 1) 0 V2 1
Spec(E) = Va(r+1) V2(r+1) .
1 1 1
By using Lemma 1, we get
Albe(G M Py,) = [nV2(r +1)| + | — nvV2(r +1)|
=2mV2(r +1).

(e

For m = 5, we have F =

o O O = O
o 3
= O 3 O

= o 3 O O
o = O O O

0 r
The characteristic polynomial of E is
det(al — F) = a(a® —1)(a? —2r? — 1) and

V2T -1 0 1 V2P gd
Spec(B) = 1 111 1)

By using Lemma 1, we get

Albe(GM Py) = 2n(1 4+ V/2r2 +1).

|
Theorem 11: Albertson energy of hierarchical product of
a r-regular graph G of order n and a star graph K ,,,_; with

central vertex as the root is Albe(GM Ky yp—1) = n(r+m—
2)E(K1,m—1)-

Proof: Let the vertex set of G and K1 ,,—1 be V(G) =
{v1,v2,...,v,} and V(K7 m—1) = {u1,ug,...,un} re-
spectively, with u; as the central vertex and hence the root
vertex. Let the vertices in Alb(G M Ky ,,—1) be listed as

(Ula Ul), (7]2,U1), ceey (U'Il7u1)7 (U17U2)7 (U27 UQ), R
(Un,u2), oy (U1, Um), (V2, Um), -+, (U, Up,)-
Albertson matrix of G' M1 P,,, can be written as follows:

N M M M

M N N N

M N N N

AID(G N Ky pyq) = o ,

M N N - N
where N' = Alb(G) and M = (r +m — 2)In.nﬁls Gis a
regular graph, from Remark 3, we obtain

Alb(G 1 Klymfl) = A(Kl’mfl) & (’l" +m — 2)In

The graph K7 ,,,—1 has eigenvalues v/m — 1, —/m — 1 and
0 with multiplicity 1, 1 and m — 2 respectively. From Lemma
1, Albertson energy of G 1 Ky y,—1 is

m

Albe(GM Ky pp—1) = (r+m —2) Z2n\/m -1
i=1

=n(r+m—2)E(K1m-1).

|

Theorem 12: Albertson energy of the hierarchical product

of a r-regular graph G of order n and a star graph K ,,_;

with any pendent vertex as the root is Albe(G M Ky —1) =
2ny/(m —r —2)2 + (m — 2)3.

Proof: Let the vertex set of G and Ky ,,,—1 be V(G) =
{v1,v2,...,v,} and V(Kim—1) = {uz,uz,...,un}
respectively, with u; as the central vertex. Without
loss of generality, assume that uy is the root vertex.
Let the vertices in Alb(G M Kq,,—1) be listed as
(v1,u1), (V2,u1), .. -, (Un, u1), (v1,u2), (V2, u2), . - -,

(Un, u2), oy (U1, Um), (V2, Um), - -+, (Un, Um,)-
Albertson matrix of G 1 K ,,—1 can be written as follows:
Ale(G M Kl,m—l) =

Alb(G) lm —r—2[I, (m—2)I, (m —2)I,
Im —r —2|I, Alb(G) Alb(G) Alb(G)
(m — 2)I,, Alb(G) Alb(G) Alb(G)
(m —2)I, Alb(G) Alb(G) Alb(G)
(m—2)I, Alb(G) Alb(G) Alb(G)

As G is a regular graph, from Remark 3, we obtain
Albe(GM K1 yp—1) = F ® I,,, where
0

fm—r—2] (m-—2) (m —2)
|m —r —2| 0 0 0
(m —2) 0 0 0
F=| (m-2) 0 0 0
(m —2) 0 0 0

We note that rank of F' is 2. Thus F' has two nonzero
eigenvalues say a; and as. Hence

a1 + ag = trace(F) = 0. (@)

F2
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[(m —r —2)2 + (m — 2)3]J; 01 01 %m—2
01 (m—r—271 cJixm—2 >
i
Om—2x1 cIm—2x1 (m —2)%Jp, o

where ¢ = (m — 2)jm —r — 2

trace(F?) = a3 + a3 =2/m —r —2]* +2(m — 2)* (5)

Solving Equations 4 and 5, we obtain
a1 =y/Im —1 =22+ (m —2)3
and ap = —/|m —r — 2|2 + (m — 2)3.
By applying Lemma 1, we obtain
Albe(GM K1y yp—1) = 2n\/(m —r—2)24+(m—-2)3. n

IV. ALBERTSON ENERGY OF p-SHADOW AND
p-DUPLICATE GRAPHS
In this section, we consider graph G of order n.
Theorem 13: Albertson energy of the p-shadow graph
D,(G) of G is Albe(D,(Q)) = p? Albe(G).
Proof: Albertson matrix of D,(G) can be written as

pAlb(G) pAlb(G) pAlb(G)

pAlb(G) pAlb(G) pAlb(G)
Alb(Dp(G)) =

pAlb(G) pAlb(G) pAIb(G)

pn
= J, ® pAlb(G).

Rank of the matrix J, is 1. Hence J,, has exactly one non-

zero eigenvalue, which is equal to trace(J,) = p.

Suppose &1 < & < ... < &, are Albertson eigenvalues of

G. Then by using Lemma 1, we obtain

Albe(Dy(G)) = > [Pl = p* Y |&| = p* Albe(G).
=1 =1

|
Remark 6: By the Theorem 1, we observe that for a graph
G with n vertices, Albertson matrix of D(G) is

0, Alb(G)

ABDG) = | upey o,

2n
Theorem 14: Albertson energy of the p-duplicate graph
DP(G) of G is Albe(G) = 27 Albe(G).
Proof: Albertson matrix of DP(G) can be written as

(08 0 e 0 Alb(G)
On On Alb(G) 072
Alb(DP(G)) = : : . : .
0 Alb(G) - (0% 0n
Alb(G) 0 e 0 0n op
= K ® Alb(G),
0 0 0 17
0 0 1 0
where K = |: -
0 1 0 0
1 0 0 0

The eigenvah;es of K are 1 ar;dzfl, each with multiplicity
2P~1 Suppose & < & < < &, are the Albertson
eigenvalues of G. Then by using Lemma 1, we obtain
Ae(DP(@) = S (27 6] + 2771 — &) = 27 Albe(G).
i=1
|
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